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Introduction

This thesis is devoted to the study of the low-degree Poisson cohomology in the semilocal context,
that is, in neighborhoods of symplectic leaves.

The cohomology theory of Poisson manifolds was introduced by Lichnerowicz, together with
the description of Poisson brackets in terms of bivector fields [44]. Indeed, he observed that the
Jacobi identity for a Poisson bracket can be translated to its associated bivector field in terms of
the Schouten-Nijenhuis bracket for multivector fields. On the other hand, by the properties of the
Schouten-Nijenhuis bracket, every bivector field induces a graded derivation of degree 1 on the algebra
of multivector fields, namely, the adjoint operator with respect to this bracket. It turns out that such
operator is a coboundary exactly when the given bivector field is associated with a Poisson bracket.
This gives rise to the Lichnerowicz-Poisson complex, and its cohomology is known as the Poisson
cohomology of the Poisson manifold.

From a geometric perspective, the Poisson cohomology in low degree has important interpretations.
For example, the zeroth Poisson cohomology is isomorphic to the algebra of Casimir functions, being
these functions the ones which are constant along the symplectic leaves of the Poisson manifold. Also,
the first Poisson cohomology is the quotient of the Lie algebra of the infinitesimal automorphisms of
the Poisson manifold by its ideal of Hamiltonian vector fields [44, [74].

On the other hand, the Poisson cohomology is a well-suited algebraic framework to express
obstructions. For example, the unimodularity of an orientable Poisson manifold, which is the existence
of a volume form invariant under every Hamiltonian flow, is controlled by the modular class, which
lies in the first cohomology of the Poisson manifold [83]: the modular class vanishes if and only
if such invariant volume form exists. The modular class is one of the most important Poisson
cohomology classes, and is the first of the so-called characteristic classes [23]. On the other hand,
the second Poisson cohomology is related to obstructions in quantization theory [63], |64, Chapter 6],
and semilocal linearizability [73]. Second and higher-degree Poisson cohomology has applications, for
instance, in deformation theory |21, Subsection 2.1.2].

As a cohomological theory, Poisson cohomology has many desirable properties. For example, there
exists a natural morphism from the de Rham to the Poisson cohomology of the manifold. On the other
hand, the Mayer-Vietoris sequence holds for Poisson cohomology, which allows to reduce the problem of
global computation to smaller open sets. Moreover, the Lichnerowicz-Poisson complex admits a natural
filtration whose associated spectral sequence is convergent to the Poisson cohomology [62], Section 1].
In the case of regular Poisson manifolds, there exists a recursive procedure for its computation, which
was introduced first by Karasev and Vorobiev in the context of symplectic fibrations [74], and then
adapted by Vaisman to any regular Poisson manifold [62], Section 2]. Also, Xu presented a method for
the computation of Poisson cohomology in the regular case by means of symplectic groupoids [84].

In spite of its good properties, the computation of Poisson cohomology for general Poisson
manifolds is not an easy task. In fact, the difficulties for its computation are mainly related to the
singularities of the Poisson manifold. Several approaches have been developed for the computation of
the Poisson cohomology in many particular cases of Poisson manifolds with singularities. For instance,



2 INTRODUCTION

Conn showed that if the isotropy algebra of a Poisson structure at a vanishing point is semisimple of
compact type, then the Poisson structure is linearizable around that given point and its first Poisson
cohomology group is trivial [I2]. On the other hand, based on some classification results of Arnold
[2], Monnier computed the cohomology of 2-dimensional Poisson manifolds around simple singularities
[49]. These results may be interpreted as the computation of germified Poisson cohomology. Global
computations of the cohomology of 3-dimensional linear Poisson structures can be found in works of
Nakanishi [52] 53] [54]. In the context of 2-dimensional Poisson manifolds, a global computation was
done by Radko, who obtained the cohomology of topologically stable Poisson structures on orientable
closed surfaces [56] Section 4]. Furthermore, Lanius computed the Poisson cohomology of the so-called
partitionable log symplectic structures [42], generalizing Radko’s cohomological results.

The purpose of this work is to describe and compute Poisson cohomology in neighborhoods of
symplectic leaves. As is well known, the semilocal model for Poisson manifolds is given by coupling
Poisson structures [77]. Indeed, for each embedded symplectic leaf of a Poisson manifold, there
exists a tubular neighborhood around it in which the Poisson structure is coupling. This means
that the geometry around the symplectic leaf is controlled by some geometric data satisfying certain
compatibility relations which are equivalent to the Jacobi identity of the Poisson structure [77, [78]. In
fact, each coupling Poisson structure on a regular foliated manifold is equivalent to a triple consisting of
a leaf-tangent Poisson structure equipped with an Ehresmann connection with Hamiltonian curvature,
whose Hamiltonian is given by a covariantly constant 2-form vanishing along the leaves of the regular
foliation [65, [77]. Such 2-form parameterizing the Hamiltonian of the curvature is called the coupling
form.

In the semilocal context, the regular foliation which allows to apply the coupling method is provided
by the fibers of a tubular neighborhood around the symplectic leaf [77]. The leaf-tangent (vertical)
Poisson structure defines a locally trivial Poisson bundle [78, Prop. 3.3], and each fiber coincides
with the transverse Poisson structure given by Weinstein Splitting Theorem [82, Theorem 2.1]. An
adequate change of the tubular structure on a neighborhood of the symplectic leaf corresponds to
the action of a group of an special class of diffecomorphisms around the zero section of its normal
bundle. This corresponds to a gauge transformation of the Poisson structure, which allows to describe
the change of the geometric data associated with each tubular structure [78, Sections 2 and 3]. In
particular, the transverse Poisson bundles are isomorphic [78, Theorem 3.2].

Roughly speaking, the coupling method in Poisson geometry provides a geometric splitting
into tangential and transversal components, which in the semilocal context is compatible with the
singularities of the Poisson structure. Indeed, the singularities of a Poisson structure near an embedded
symplectic leaf are encoded in the transverse Poisson bundle over the symplectic leaf. In this sense,
the tangential component of the Poisson structure is regular, while the transversal part is singular.
In the particular case when the symplectic leaf is regular, the tubular neighborhood can be chosen
so that the transverse Poisson structure is trivial. This compatibility between the coupling method
and the singularities of the Poisson structure is one of the key properties for which this method is a
suitable tool for the study of Poisson cohomology in the semilocal context. Furthermore, since the
semilocal model for Poisson manifolds is provided by coupling Poisson structures, we may restrict our
attention in the computation of the Poisson cohomology of coupling Poisson structures.

A natural problem in semilocal Poisson geometry is to describe and compute the cohomology of
coupling Poisson structures in terms of its associated geometric data. Some preliminary results in this
direction were obtained by Itskov, Karasev, and Vorobiev in [75] and [33], where it is found a relation
between the Poisson cohomology around symplectic leaves and the cohomology of some bigraded



(Z x Z-graded) complex. A further step in the description of the Poisson cohomology in the semilocal
context was given by Crainic and Fernandes, who showed that the Lichnerowicz-Poisson complex of a
coupling Poisson structure on a vector bundle is isomorphic to a bigraded cochain complex [I5, Prop.
5.3]. In fact, they observed that the geometric data of a coupling Poisson structure induce differential
operators on some bigraded Poisson algebra of degree (0,—1): the vertical Poisson structure and the
coupling form act via the adjoint of the bracket, and the Ehresmann connection induces the covariant
exterior derivative. It turns out that this operators induce a coboundary if and only if they correspond
to the geometric data of a coupling Poisson structure. In this case, the induced cochain complex is
isomorphic to the Lichnerowicz-Poisson of the coupling structure. Finally, by considering a more
general algebraic framework, Marcut extended this result to the case of coupling Dirac structures on
fibred manifolds [50, Subsection 4.2]. In this setting, the covariant exterior derivative is also presented
as an adjoint operator (see also [10]).

In virtue of the above results, the approach adopted in this work for the description of the Poisson
cohomology in the semilocal context is to compute the cohomology of a certain class of bigraded
cochain complexes. More precisely, we consider a cochain complex (C*®,d) with the following property:
the R-module C is endowed with a compatible bigrading C** = EBp,qu CP? in the sense that the
coboundary operator is the sum of three operators of given bigraded type,

Ck = @ Cp’q, and Q= 6071 + 6170 + 627_1. (1)
p+q=Fk

It is important to remark that this class of cochain complexes appear in many different algebraic and
geometric contexts. For instance, a particular case which is very well-studied in the literature is the
double complez (C**,0 = Jp1 + A1) (see, for example, [46, Chapter XI, Section 6], [6, Chapter II],
[47, Section 2.4]), which is obtained from our general framework in the case when 93 _; = 0. Another
example is provided by the de Rham complex of a fibred manifold. In fact, Vaisman observed that
given a regular foliated manifold (M,V), and fixing an Ehresmann connection v on (M, V), the de
Rham differential has the following bigraded decomposition [61]:

d=dg;+dio+d;_;.

Here, d3,1 is the ~y-covariant exterior derivative, d'ly’0 is the foliated exterior derivative, and dg,—1 =
— iRy is the negative of the insertion of the curvature RY of 7. These facts were also observed by
Brahic as a particular case of cochain complexes arising in the context of extensions of Lie algebroids
[7, Prop. 3.2], [8, Section 2]. Also, as a particular case of their constructions, Garcia-Beltran, Vallejo,
and Vorobiev obtained some Lie algebroids on the tangent bundle whose de Rham complex is of the
type in (1)), [26 Section 4]. As a final example, we consider the case of a Poisson foliation (M, F, P).
For a fixed subbundle normal to the regular foliation F, the Lichnerowicz-Poisson complex of (M, P)
is of the form (I'(A**T'M),0p = (Op)1,0 + (Ap)2,—1). This can be regarded as a particular case of
our general framework, in which the operator of bigraded type (0,1) vanishes. It is important to
mention that the recursive procedures presented by Karasev and Vorobiev in [74], and by Vaisman
in [62] for the computation of the cohomology of a regular Poisson manifold, are based on the given
decomposition of the coboundary operator. In some sense, these results on the regular case motivate
the approach and the results presented in this work.

Now we describe how a bigraded cochain complex of the form arises in the context of coupling
structures on foliated manifolds. Consider a regular foliation V on M, and a Poisson structure II which
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is V-coupling. Let us denote its associated geometric data by (P,~,0). This means that (M,V, P)
is a Poisson foliation with Poisson connection v, and ¢ is a coupling form, which is a ~y-covariantly
constant 2-form, vanishing along the V-leaves, and which is the Hamiltonian of the curvature of ~.
Let us denote by H? := ker(vy) the horizontal distribution of . Since (P,~, o) are associated with the
bivector II, the coupling form ¢ is horizontally non-degenerated, in the sense that the image of its flat
mapping o” : TM — T*M is the whole annihilator bundle of TV, o°(TM) = Ann(T'V). Therefore, we
have an isomorphism from TM = HY @ TV to V := Ann(TV) & TV, namely X +Y — —¢*(X) @Y,
which can be extended to an isomorphism of bigraded exterior algebras b, : A®*TM — A®*V. It turns
out that under this correspondence, the Lichnerowicz-Poisson complex (I'(A®**T'M ), ) is isomorphic
to a bigraded cochain complex, (F(/\"'V),ag 1 + 9]+ 93 _4), where the differential is the sum of
three bigraded operators: the adjoint operator of P, 65 1; the covariant exterior derivative of 7, 9] ;
and the insertion of the differential of the coupling form o, 6‘2”_1. In this sense, the problem of the
computation of the Poisson cohomology of (M, II) turns into computing the cohomology of a bigraded
cochain complex.

Based on the previous discussion, the structure of this work consists in three main parts: the
computation of the cohomology of general bigraded complexes from an algebraic perspective (Chapter
, the introduction of new geometric structures in which such algebraic formalism can be applied
(Chapter , and the application of the general results to the first cohomology of coupling Poisson and
Dirac structures on fibred and foliated manifolds (Chapters [f| and [6).

The cohomology of a bigraded complex

The most important contribution of this work is to provide a scheme for the computation of Poisson
cohomology in the semilocal context. To this end, we have derived a general procedure which allows to
compute the cohomology of a bigraded complex (C**®,d) with @ = 9y 1 +09; 0+02, —1, as described above.
Here we present the results we have obtained in the cases of first, second, and third cohomology, but
our procedure may be applied to derive similar results in any degree. In particular, we have recovered
the results developed in [70, Chapter 1] for the cohomology of degree 1.

Among our main results, we mention the following.

Theorem (First Cohomology). We have the following short exact sequence

0— H'(Np,d) — HY(C,d) — Bl?%ﬁgo,l) — 0

which describe the first cohomology of a bigraded cochain complez (C**, ).

This result on the first cohomology of (C,9) is the bottom row of the diagram appearing in Theorem
and involves the map p; : A — H?(Np,d), which is related to the second cohomology of (N, d).

Theorem (Second Cohomology). The following are short exact sequences which allow to describe the
second cohomology of a bigraded cochain complex (C**,0):

Z2(No,0 ker
0— ke —= H(C,8) — g2 —o,

ker(02) ker(p2) 23
0—gorcir — 52 ~ B2 30.1) 0




This result consists of the bottom rows of the diagrams appearing in Theorem Moreover, it
involves the maps py : A% — H3(Np,0) and o3 : J? — H3(Np,0), related to the third cohomology of
(No,9). Also, the subspace Z3 is related to the 3-coboundaries of (N7, 9).

Theorem (Third Cohomology). The third cohomology of (C**,0) is described by the following short
exact sequences:

o
0— peaos — H(C,8) — k) — o,

ker(p3) ker(p3) Z3
0 N = 537%» >0,

B3nCh? 23

: 23
Z3nCh2 B

T B3 %01) —= 0.

These short exact sequences are the bottom rows appearing in the diagrams of Theorem We
note that this result on the third cohomology of (C**,d) involves the maps p3 : A* = H 4(Np, ) and
03 : J* — H*(Nj,9), related to the fourth cohomology of (N, d). Also, the subspace Z3 is related
to the 4-coboundaries of (N7,9).

Tools and the idea of the proof. The problem on the computation of the cohomology of a bigraded
cochain complex (C®,0) with O = Jp ;1 +01,9+ 92 _; is addressed in Chapter 3| First of all, we tried to
apply the spectral sequence technique. In fact, due to the particular decomposition of the coboundary
operator, the filtration FPC := @i,jeZ,z'zp C% induces a first quadrant spectral sequence EF'?, which
converges to the cohomology H*(C,9). Since in the context of our applications we deal with cochain
complexes over the field of real numbers, the convergence property implies H*(C,d) = @p gk B2,
In this sense, the problem of the computation of H k(c,a) is just the computation of each EZ.
Actually, the standard formula found in the modern literature to compute the spectral sequence of
a graded filtered complex is EF? = % (see, for instance, [47, Theorem 2.6, Proposition
2.11]). However, the application of this %oi"mula tro ‘lche case of our bigraded complex did not produce
something which could be adequately interpreted. Even in the case of the first cohomology, we did
not recovered our previous results presented in [7(, Chapter 1]. Fortunately, we were graced to found

in [21, Eq. (2.46)] a different but equivalent formula for the computation of the spectral sequence:
p,q _ ZP94fprticrta
" = gha prviceta

(see also [46, p. 346]). this formula gives something manageable in the case of
Zkncpa
BENCPa
are those which can be completed to a k-cocycle, in some sense. Similarly, the elements of Bé{ are
called pre-coboundaries. In the case of the first cohomology, this formula coincides with some of the
results in [70, Chapter 1] (see Lemma and the discussion below).

As we have explained, the spectral sequence technique applied to a bigraded complex (C*, ) leads
to splitting-type results which allow to compute the Poisson cohomology in the semilocal context.
However, such results are weaker versions of the main results presented above, in the sense that, up to
our knowledge, these splittings are not canonical. This fact is reflected, for instance, in the description
of the modular class of coupling Poisson structures which we present below: the generalized Reeb class
only exists when certain Poisson foliation is unimodular. If the splitting for the first cohomology

were canonical, then such generalized Reeb class would always exist, regardless the unimodularity

bigraded complexes, namely E5! = Here, the elements of Zé“ are called pre-cocycles, since



6 INTRODUCTION

of the Poisson foliation. However, it is unlikely that this occurs, due to the way it is defined. For
this reason, we tried to find a different approach that provides a broader view on the computation
of the cohomology. We have found that, for each k € Z, the R-modules of k-cocycles Z*(C,9),
k-coboundaries B¥(C,d), and k-cohomologies H*(C,d) can be described by means of k commuting
diagrams with exact rows and columns, given for each ¢ =0,...,k — 1, and p := k — ¢q as follows:

0 0 0

i b

0— B nerac— Bl Mgk >0

ro T

Tq+1

0— ZFneric— zF == zk | —0.
0 Zknepa 2 Zga 0
BENCPa BE Br,,

0 0 0

This result is presented in Theorem The fact that this family of diagrams describes the
coboundaries, cocycles, and cohomology of degree k readily follows from Zf = Z*(C,d), and
B’g = B*(C,9). In particular, the cohomology of degree k is described by means of the bottom row of
each of the k diagrams. In the case of the cohomology in low degree, the module Z{“ can be described
in terms of the kernel of some natural mappings py : A¥ — H*1(Np,0) and g, : JF — H* (NG, 9).
Combining this with some other calculations, we obtain an effective description of the cohomology in
low degree. In particular, we get the main results presented above in the cases k = 1,2, 3.

Generalized coupling structures

Another goal of this work is to enlarge the class of geometric structures for which its associated
cochain complex naturally admits a bigrading of the type . As we explained above, there are
many well-known examples of geometric structures with a cochain complexes of this kind. In fact,
we observe that these examples can be presented as part of the following general framework: suppose
that on the total space of a Lie algebroid (E,q, |-, ]g) we are given a pair of subbundles H,V C E
such that H@®V = E, and I'(V) is closed under the bracket [-,-]g. In this case, the de Rham complex
of the Lie algebroid E, (A*E*,0), carries a natural bigrading such that @ = dp; + 10+ 2 1. In
fact, consider the projection map p : E — E such that H = ker(p) and p |y = Idy, and its curvature
RP € T(A’E* ® E). If, for each K € T(A*E* ® E), i is the insertion on T'(A®E*), and LS, := [ix, 9]
is given by the graded commutator of endomorphisms, then we have:

Theorem (Bigrading on Lie algebroids). The bigraded components of the de Rham differential O of
(E7 q, ['7 ]E) satisfy

) . 3 . .
61,0 = LIdE —p +2ipgp, 60,1 = Lp —1Rp, 627_1 = —1Rp.

This result is presented in Theorem but a detailed proof of it, given in a general algebraic
context, can be found in the Appendix For the case E = T'M, see [70, Corollary 2.5.7], [26, Section



5]. Under this general framework, we can present the cochain complex of some geometric structures,
such as regular Poisson structures [74] 62], Poisson foliations [66, Lemma 4.1], the de Rham complex
on a foliated manifold [61) 8], and the cohomology of an extension of a Lie algebroids [7, Prop. 3.2].

Now we observe how this theorem can be applied in the context of coupling twisted Poisson and
Dirac structures on foliated manifolds. As we show in Section[d.3] each coupling twisted Dirac structure
D with associated y-Dirac elements (P, ~,0) admits the following splitting

D = Graph(P*|4+) @ Graph(fablm),

in which I'(Graph(P*| 4+)) is closed under the ¥-Dorfman bracket. So, our previous theorem applies for
this splitting, which means that the cochain complex of a coupling twisted Poisson or Dirac structure
is of the kind described above, and our main results on the computation of its cohomology may be
applied. Furthermore, this observation suggests that we may be able to find an adequate bigraded
model for the associated cochain complexes of a coupling twisted structure on a foliated manifold, to
effectively describe its cohomology.

Recall that a bigraded model for the cochain complex of coupling Poisson and Dirac structures
was given in [I5, Prop. 5.3] and [50, Prop. 4.2.8] in the category of fibred manifolds. However, as is
known, the notion of coupling structures is not exclusive for fibred manifolds, and can be naturally
extended to foliated manifolds [65, [67]. In this sense, Section is devoted to adapt constructions
presented in [50, Subsection 4.2] to the category of foliated manifolds by using Vinogradov calculus.

We believe that the construction of this generalization to the case of foliated manifolds gives more
insight in the understanding of the algebraic aspects of the coupling method in Poisson geometry. In
particular, we have found that it is possible to extend the notion of coupling to the case of Poisson
and Dirac structures with background [79]. This straightforward generalization is presented in Section
where it is shown that the de Rham complex of the Lie algebroid of a coupling twisted Poisson
and Dirac structure on a foliated manifolds is isomorphic to a bigraded cochain complex of the same
type as before. More precisely, the results we have obtained are the following:

Theorem (Coupling Twisted Poisson structures). Let 0 € T(AST*M) be a closed 3-form on the
foliated manifold (M,V), and denote V := TV, V° := Ann(V). For each 1-Poisson structure I €
D(A’TM) such that TIHV®) @ V. = TM, there exist unique P € T(A*V), v € T(T*M ® V), and
o € T(A2V°) such that:

1. (M,V,P) is a v¥-Poisson foliation.

2. v is a Y-Poisson connection on (M,V, P), with horizontal distribution HY := kery.
3. The curvature RY of v is locally Hamiltonian, via the closed 3-form (do + ).

4. do + 1 vanishes on T(A3HY).

In this case, we say that the -Poisson structure II is coupling on (M,V), and (P,~,0) is called
its associated -Dirac elements. Of course, in the case ¢ = 0 we recover the standard results for
Poisson structures [77, [65]. We also note that this fact is proven in the more general context of Dirac
structures with background (see Theorem . The first part of this result, relative to the existence
of the geometric data, is proved by pure linear algebra, and then adapted to foliated manifolds in
Proposition 2:23] The second part, which describes the structure equations of the geometric data,
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is obtained in Subsection by straightforward computations with the Dorfman bracket on the
Pontryagin bundle.

As mentioned above, there is a bigraded model for the cochain complex of a coupling twisted
Poisson structure.

Theorem (Cohomological model for twisted structures). Let IT € T'(A2T'M) be a coupling 1-Poisson

structure on the foliated manifold (M,V) with geometric data (P,7v,0). The cochain complex

(D(A®T'M),0n1,y) is isomorphic to a bigraded cochain complex (C*,0 = g1 + 10 + O2,-1), given
L[] [ ] o 4 071 4 170 4 2771

by C* :=T(A* (V@ V°), and Oy =Op —|—J§37w), 9,1 =9, —|—J§37w), and O3, _1 = Oy —1—3(%1# )

In the case ¥ = 0, the bigraded components 6(1)37 1s 610, and 03 _; of the coboundary operator O are
in correspondence with the Dirac elements (P, 7, ). However, in the general case, the presence of the
background 3-form produces some intertwine of the Dirac elements in the description of the bigraded
components.

Applications to cohomology in low degree in semilocal Poisson geometry

In the last part of this work, we present some applications of our general algebraic results, obtained
the context of bigraded cochain complexes, to describe the infinitesimal Poisson automorphisms of
coupling Poisson structures, the first cohomology, and the modular class.

Infinitesimal Poisson automorphisms around symplectic leaves. Given a coupling Poisson
structure IT on a foliated manifold (M, V) with associated geometric data (P,7,o), there are three
geometric objects involved in the description of the first cohomology [70]: a cochain complex (N, 57),
called the de Rham-Casimir complez, a Lie subalgebra A of V-tangent infinitesimal automorphisms
of P, and a mapping p: A — H? (N(]',gy) from A to the second cohomology of (./\/’0',57). In fact, the
short exact sequence describing the first Poisson cohomology reads

ker p”

1 <V fH 1 v*
S el
00— H (No, ) — H (M’H)HHam(M,P)

— 0. (2)
Here, tif is the sharp map of the horizontal component of II, and v* is the map induced in cohomology
by the projection v : TM — TV. We should note that the coboundary operator 3 only depends
on 7. Moreover, since Ny only depends on the Casimir functions of P, a Hamiltonian change of v
does not alter the coboundary operator. On the other hand, if the first cohomology of the associated
Poisson foliation vanishes, H'(M,V, P) = {0}, then the right term in () is zero. Furthermore, one has
HY(M,1I) = H'(Ny,d") for any Poisson connection vy on (M,V, P). Assuming that a flat Poisson
connection exists, and under some projectability conditions, H'(M,II) can be embedded in the first
cohomology of a foliated de Rham complex. These conditions can be realized geometrically and, for
instance, allows to present the following generalization of the cohomological part of Conn’s results to
neighborhoods of symplectic leaves:

Theorem (Triviality of the first cohomology). Let S C M be an embedded symplectic leaf of the
Poisson manifold (M, V) such that the normal bundle of S (viewing as a Lie-Poisson bundle) is trivial.
Assume that the isotropy algebra of the symplectic leaf S is a semisimple Lie algebra of compact type.
If S is compact and simply connected, then there exists a tubular neighborhood N of S in M such that
every Poisson vector field of ¥ is Hamiltonian on N.



This fact readily follows from Proposition in Chapter [l We also give some other examples
and classes of coupling Poisson and Dirac structures for which our general results can be effectively
applied in the computation of the first Poisson cohomology.

Reeb and modular classes of Poisson structures on foliated manifolds

Poisson foliations and the modular class. As in the problem of the general computation of the
cohomology, our results on the modular class are inspired in some sense by what occurs in the case
of regular Poisson manifolds. Recall that the modular vector field of a regular Poisson manifold is
always tangent to the symplectic foliation. So, the modular class of a regular Poisson manifold can
be regarded as a foliated de Rham cohomology class of its characteristic foliation. More precisely,
for a regular Poisson manifold (M, II) with symplectic foliation (S,w) of rank 2k, the modular class
Mod(M,II) of the Poisson manifold is equivalent to the Reeb class Mod(M,S) of its characteristic
foliation, in the sense that

Mod(M,II) = —II* Mod(M, S). (3)

In particular, for regular Poisson manifolds, the unimodularity of (M, II) only depends on its
characteristic foliation S, rather than in the leaf-wise symplectic form w. The relationship between
the Reeb and modular class was first observed by Weinstein [83], Section 5], and then formalized
by Abouqateb and Boucetta [I] in the form . Geometrically, the Reeb class of a regular
foliation is the obstruction to the existence of a transverse volume element invariant under the
flow of every tangent vector field. On the other hand the leaf-wise Liouville volume form w* €
['(A?*T*S) gives a correspondence between volume forms © on M, and transverse volume elements
n € T(AYP(TM/TS)*), namely, Q = w* A 5. Since, tangentially, the leaf-wise Liouville volume form
w* is already invariant under Hamiltonian flows, the problem of finding an invariant volume form
turns into finding an invariant transverse volume element 7.

We first give a generalization of these results in the context of Poisson foliations. Recall that a
regular Poisson manifold can be regarded as a Poisson foliation such that the leaf-tangent Poisson
structure is symplectic at each leaf. As described in above, the fact that in this case the leaf-wise
Liouville volume form is invariant under every Hamiltonian flow led to the cohomological relation of
equation . However, for a general Poisson foliation (M, V, P), such an invariant leaf-wise volume
form may not exists. Instead, we get a new cohomology class, called the modular class of the Poisson
foliation Mod(M,V, P). In fact, each leaf-wise volume form 7 € T'(A'PT*V) induces the so-called
modular vector field of the Poisson foliation Z7,. This vector field Z}, € I'(T'V) coincides on each
leaf L of V with the modular vector field of the Poisson submanifold (L, Pr) induced by the volume
form 7|r. It turns out that the family of such modular vector fields define a Poisson cohomology
class, namely, Mod(M,V, P), which is the obstruction to the existence of a leaf-wise volume form
invariant under every Hamiltonian flow. As is shown in Proposition the following more general
cohomological relation is satisfied:

Theorem (Modular class of Poisson foliations). Let Mod(M, P) be the modular class of (M, P) as
Poisson manifold, Mod(M, V) the Reeb class of the regular foliation V, and Mod(M,V, P) the modular
class of the Poisson foliation (M,V, P). Then,

Mod(M, P) = —P* Mod(M, V) + Mod(M, V, P).
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Semilocal unimodularity and the generalized Reeb class. We also present a description of the
modular class in neighborhoods of symplectic leaves. Besides the results of [83, Section 5] and [1], which
says that the unimodularity of regular Poisson manifolds is determined by the tangential geometry, it
is convenient to recall what occurs in the local context. By Weinstein Splitting Theorem [82, Theorem
2.1], the local structure of a Poisson manifold at a given point is given as the product of a symplectic
structure with the so called transverse Poisson structure. In this sense, the local unimodularity
property is determined by the transverse Poisson structure, because symplectic manifolds are always
unimodular. This means that, locally, the unimodularity is determined by the transversal geometry.
Therefore, it is natural to expect that, in the semilocal context, the unimodularity is described by the
interaction between the tangential and transversal geometry of the leaf.

This interaction can be effectively described in terms of coupling Poisson structures. Let II be a
coupling Poisson structure on the foliated manifold (M, V) with associated geometric data (P,7,0).
The first key observation in this context is that volume forms on M are in correspondence with
leaf-wise volume forms on V. In fact, due to the non-degeneracy of o, every volume form €2 on M can
be factored as Q = o A7. Here, 21 = rank H?, and 7 is a leaf-wise volume form on V. In terms of this
correspondence, the modular vector field of (M, II) induced by  splits into horizontal and vertical
components depending on 7, namely,

Z53y =110 + Z%. (4)

The vertical component Z7, is the modular vector field of the Poisson foliation (M,V, P) induced by
7. The horizontal component is the image under IT* of the so-called divergence form 67, which is the
1-form vanishing along the V-leaves characterized by 67 (X) = div™ (X)) for all X € T'(H")Naut(M, V).
So, formula says that the leaf-tangent component of the modular vector field Zﬂz is modular vector
field Z% of (M, V, P): v(Z{}) = Z%.

Our previous formula implies that at the level of cohomology one has

¥« Mod (M, IT) = Mod(M, V, P).

This means that an obstruction to the unimodularity of (M, II) is the modular class of the Poisson
foliation (M, V), P). However, the vanishing of Mod(M,V, P) may be not sufficient for the vanishing
of Mod(M,II). In fact, due to the exactness of , we found that, under the unimodularity of
(M, V, P), there exists a cohomology class in H 1(]\/’0,?) whose image under II* is the modular class.
Furthermore, this cohomology class is the family of divergence 1-forms 67, € N3, where 1 varies
over the leaf-wise volume forms invariant under every Hamiltonian flow of P, that is, Z7 = 0. More
precisely, if Mod(M,V, P) = 0, then [07,] exists, and we have

Mod(M, IT) = —II*[g7 ]. (5)

If we take a look at the cohomological relation for regular Poisson manifolds, we find that the
cohomology class [67,] in plays an analogous role to the Reeb class, in the sense that it controls
the unimodularity property. For this reason, we call it the generalized Reeb class of (M,V,1I), which
only exists when the Poisson foliation (M, V), P) is unimodular. Furthermore, it is important to note
that, given P and ~, the corresponding objects Z% and 67 only depend on 7 and, henceforth, their
cohomology classes are well defined. This means that the unimodularity of (M,II) is independent
of the coupling form o, which is an analog to the fact that, in the regular case, the unimodularity
property is independent of the leaf-wise symplectic form.
These facts are translated to the semilocal context as follows:
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Theorem (Generalized Reeb class). Let (M,II) be an orientable Poisson manifold and S an embedded
symplectic leaf. There exists a tubular neighborhood N of S such that

II=1IIg + 1y on N.

Here, Iy is a bivector field on N with rank Il = dim S, and IIy is the transverse Poisson structure
of S. Moreover, if Mod(N,Ily) = 0, then there exists a cohomology class Reeb(S) of the de Rham -
Casimir complex of S, such that

Mod (N, IT) = —(IT%,)* Reeb(S).

Observe that the question on the definition of the generalized Reeb class Reeb(S) of the symplectic
leaf S is nontrivial. The main difficulty is to show that its construction is independent of the choice
of a tubular neighborhood of the symplectic leaf (see Proposition [6.21)).

Structure of the text

This thesis is organized as follows. The first part, which consists of the first two chapters, is devoted
to review the preliminary notions which are needed throughout this work. In Chapter [I| we review
the notions of Poisson manifolds, Dirac structures, Lie algebroids, and Poisson cohomology, while in
Chapter [2| we present the coupling method on foliated manifolds. In the second part, we describe
the cohomology of coupling Poisson structures. Chapter [3| presents an algebraic framework for the
computation of the cohomology of a bigraded cochain complex. In Chapter [ we describe some of
the geometric structures which give rise to a bigraded cochain complex. In particular, we focus on
the case of coupling twisted Poisson and Dirac structures. The third part of this work is devoted
to the applications to the first cohomology of coupling Poisson and Dirac structures. In Chapter
] the algebraic results on the computation of the first cohomology are reviewed from a geometric
point of view. We also present different cases in which the first Poisson cohomology can be effectively
described. Chapter [0] is devoted to the description of the modular class of Poisson structures on
foliated manifolds, such as Poisson foliations, and coupling Poisson structures, with applications to
the semilocal context. In particular, we discuss on the generalized Reeb class.
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Introduction to Part 1

The main objective of this part is to present a brief summary of the basic notions in Poisson geometry
and cohomology, as well as a description of the coupling method and semilocal Poisson geometry from
an algebraic point of view.

Poisson geometry is a branch of mathematics which lies in the intersection of differential
geometry and mathematical physics. For example, Poisson manifolds are the reduced phase space
for Hamiltonian systems with symmetry. Furthermore, the formalism of Poisson manifolds arises
in several contexts, such as Hamiltonian mechanics, integrable systems, topological field theories,
deformation theory, representation theory and non-commutative geometry, to mention a few.

Given a point on a Poisson manifold, there exists a neighborhood of it which is Poisson isomorphic
to the direct product of a symplectic manifold with a Poisson manifold vanishing at a point [82),
Theorem 2.1]. The symplectic factor is just the symplectic leaf through the given point. The Poisson
structure on the second factor is the so-called transverse Poisson structure, and encodes the singular
behavior of the Poisson manifold at that given point. Thus, the problem of the local equivalence of
Poisson manifolds reduces to the study of the transverse Poisson structure: two Poisson structures on
a manifold are locally equivalent if and only if their transverse Poisson structures are isomorphic.

On the other hand, given two points on the same symplectic leaf, the corresponding transverse
Poisson structures are isomorphic. In that sense, a natural problem is the existence of a way of gluing
the transverse Poisson structures along the symplectic leaf to get a transverse Poisson bundle. Indeed,
the answer to this question is affirmative: given an embedded symplectic leaf, there exists a tubular
neighborhood of it which is a locally trivial Poisson bundle whose typical fiber is the transverse Poisson
structure at some (any) point of the leaf. This transverse Poisson bundle is one of the invariants around
the embedded symplectic leaf.

A second question, given in the context of the equivalence of Poisson structures around symplectic
leaves, would be the following: if two Poisson structures share an embedded symplectic leaf with the
same transverse Poisson bundle, do the Poisson structures are equivalent on a neighborhood of the
symplectic leaf? Although the transverse Poisson structure at a given point is the only local invariant,
the problem of equivalence of Poisson structures around symplectic leaves is more subtle, and the
answer to this question is negative. This problem, as well as the existence of the transverse Poisson
bundle, belong to the field of semilocal Poisson geometry.

In general, the term “semilocal Poisson geometry” refers to Poisson geometry in the context of
neighborhoods of embedded submanifolds, such as symplectic, cosymplectic, or Poisson submanifolds.

The emergence of semilocal Poisson geometry is closely related with the coupling method. The
origins of this method go back to Sternberg, who developed a covariant version of it to construct the
symplectic form which gives the Hamiltonian structure to the Wong’s equations describing the motion
of a particle in a Yang-Mills field [59]. Later on, Vorobiev developed a contravariant version of it to
describe the geometry of a Poisson manifold in neighborhoods of embedded symplectic leaves [77]. In
fact, he showed that the class of coupling Poisson structures provides the semilocal model for Poisson
manifolds around symplectic leaves. It is important to mention that the coupling method can be

15
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applied to any embedded symplectic leaf, regardless the possibly singular nature of it.

The coupling method allows to formulate some equivalence criteria between Poisson structures
with a common symplectic leaf [78]. It also allows to define the linearized structure of a Poisson
manifold around a symplectic leaf [77], and to formulate some linearizability criteria for Hamiltonian
systems and Poisson structures [72), [73]. Also, coupling Poisson structures realize any transitive Lie
algebroid with symplectic base as the restricted Lie algebroid of a coupling Poisson structure to a
symplectic leaf [76].

Roughly speaking, the semilocal structure of a Poisson manifold around a symplectic leaf
is described by the transverse Poisson bundle of the leaf, which is coupled with a horizontally
non-degenerated 2-form, called the coupling form, via a possibly nonlinear Ehresmann connection
on the tubular neighborhood. This triplet of geometric structures is said to be the geometric data
of the Poisson manifold around the symplectic leaf [77, Theorem 2.1], also called Dirac elements [50),
Definition 4.2.3]. In terms of the geometric data, the characteristic distribution is generated by the
one of the transverse Poisson structure and the horizontal distribution of the connection. Similarly,
the leaf-wise symplectic structure is the sum of the one of the transverse Poisson structure with the
coupling form.

Later on, some generalizations of the coupling method were introduced. For example, Dufour and
Wade applied it to describe the local and semilocal structure of Dirac manifolds [20]. They found out
that, in neighborhoods of embedded presymplectic leaves, Dirac structures are described by a triple of
geometric data for which the coupling form can be degenerated. In the same year, Vaisman introduced
the notions of coupling Poisson, Dirac, and Jacobi structures on foliated manifolds [65], 67], giving an
important step in the understanding the algebraic nature of the coupling method. In this sense, a
coupling Dirac structure is Poisson if and only if its coupling form is horizontally non-degenerated.
Moreover, Vaisman also introduced the more general notions of almost-coupling Poisson and Dirac
structures, which appear in the context of slow-fast Hamiltonian systems and of the averaging method
[4, 3, 68, 69].

There are some other important and recent contributions in the field of semilocal Poisson geometry.
In [50, 51], some normal form theorems around Poisson submanifolds are presented. Furthermore, for
several geometric structures in Poisson Geometry, splitting theorems around transversal submanifolds
are given in [10] (for the case of Poisson structures and cosymplectic submanifolds, see also [24]). Since
in this work, we are focused in the geometry and cohomology of Poisson manifolds around symplectic
leaves, by the term “semilocal” we will refer to neighborhoods of symplectic leaves.



Chapter 1

Generalities on Poisson Geometry

Here we give a brief review of some structures in Poisson Geometry, which are used throughout this
work. For a more detailed presentation of these notions we recommend [13] [I8] 191 2T, 39L [79] [64] [82].

1.1 Poisson manifolds

Let M be a manifold, and I'(A*TM) the algebra of multivector fields with the exterior product A.
Consider the Schouten-Nijenhuis bracket [-, -] of multivector fields, defined on the in such a way that
(D(A*TM), A, [-,-]) is a Poisson algebra of degree —1 (see, for instance, |21, Theorem 1.8.1]). A bivector
field IT € T'(A2T'M) on M is said to be a Poisson structure, or Poisson bivector field, if

[I1, T1] = 0.

This equation is called the Jacobi identity. The pair (M,II) is said to be a Poisson manifold [44],
Section 1], [27, Section 6], [82, Section 1]. The Poisson structure II defines an R-bilinear operation on
C*>(M) by

{f,97 :=1I(d f,dg) Vf,g € CF(M),
which is a Poisson bracket on C°°(M) due to the Jacobi identity.

Consider the vector bundle map II¥ : T*M — TM given on o € Ty M by B(I*a) := M,y(«, B) for
all 8 € Ty M. This map can be extended to a morphism of exterior algebras I* . ART*M — ARFTM
by setting IO (ay, ..., o) = (=1)*O(IT*ay, ..., Tay). Given a smooth function f € C°°(M), then
*d f € T'(TM) is said to be the Hamiltonian vector field of f. In this case, f is said to be the
Hamiltonian function of II#d f. It follows from the Jacobi identity that

[M*df 1 dg] =T d{f, g} Vf,g € C(M),

which, together with the R-linearity of d and IT#, implies that the Hamiltonian vector fields define an
R-Lie algebra, denoted by Ham (M, II). Again, by the Jacobi identity, for all Z € Ham(M,IT), we have

LzII=0.

In general, whenever a vector field Z € T'(T'M) satisfies the previous relation, we say that Z is an
infinitesimal Poisson automorphism of I1, or, shortly, a Poisson vector field. It follows from the graded
Jacobi identity for the Schouten-Nijenhuis bracket that the Poisson vector fields also define a Lie
algebra, denoted by Poiss(M, IT), for which Ham (M, II) is an ideal. Moreover, Poiss(M, II) is just the
Lie algebra of derivations of the Poisson algebra (C*>°(M), -, {-,-}). Furthermore, Z is an infinitesimal
Poisson automorphism of II if and only if its flow F1%, satisfies the following relation for all ¢ € R:
(FIL)*TI = 11

17
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Example 1.1. A symplectic manifold (M, w) consists of a manifold M equipped with a closed and
non-degenerated 2-form w € T'(A?T*M): dw = 0, and w” : TM — T*M is an isomorphism. Then,

My(a, B) := w((W") e, (@) 718), Va, 8 € T(T*M),

defines a bivector field II,, € T'(A2T' M) which is Poisson, due to the closedness of w. The Hamiltonian
vector field X of f is given by ix w = —d f, and the Poisson vector fields Z of Il are those of the
form Z = IT%,, for some closed 1-form o € I(T*M). v

Example 1.2. Let g* be the dual of a finite-dimensional R-Lie algebra (g, [-,]4). A Poisson bracket
on g* can be canonically defined as follows: for f,g € C*°(g*), the Poisson bracket {f, g} € C*(g*) is
given on p € g* by

{f,9}(p) = p(dy f,dp glg)-

Here we are using the identification T} (g¥) = g. On the other hand, consider the identification
g = (g%)* in which each £ € g is viewed as a linear function & : g* — R. The Hamiltonian vector field
of ¢ is precisely the infinitesimal generator &g« € I'(g*) of the coadjoint action on g* of the connected
and simply connected Lie group G integrating g. v

Example 1.3. On a two-dimensional manifold M, every bivector field II is Poisson since [II,II] €
[(A3TM) = {0}. On a 3-dimensional manifold, the set of Poisson vector fields in invariant under
multiplication by smooth functions. Indeed, if II € T'(A2T'M) is a Poisson structure on M, and
f e C>®(M), then

[fIL, fT0) = 2 f, I ATL + f2[I1,T0) = —2fT1Fd f ATL = — fig s (IT A TI).

In the case when dim M = 3, we have I ATl € T'(A*T'M) = {0}, and hence, fII is Poisson. v

Symplectic foliations. Given a Poisson manifold (M, II), its characteristic distribution C'! C TM
is the image of IT* : T*M — T M. Tt is clear from the definition of C™ that for each p € M, and v € Cg,

there exists f € C°°(M) such that v = Hg d,, f. In other words, C'! is generated by Ham (M, IT). Now,
let o := Fli be the flow of X :=IT*d f at some time ¢t € R. Then,

(pe)p(v) = (‘P*)p(Hg dp f) = Hf@(p)(ﬁp(p) dp f) = H?p(p)(dtp(p) ' f) € Cg(p)-

The second equality uses the fact that X € Poiss(M,II), and the third equality is just the chain rule.

Since v € C}l is arbitrary, we get ((Fly).)p(C}') C Cgﬁ ®) for all p € M, X € Ham(M,II), and t € R.
X

This and the fact that Ham (M, IT) generates C™ imply that C' is involutive and, therefore, integrable
in the sense of Stefan-Sussmann [58, Corollary 1], [60, Theorem 4.2]. In other words, there exists a
foliation S of M integrating the characteristic distribution, that is, C'' = T'S.

On the other hand, there exists ws € T'(A?T*S), well defined by ws(Il*d f,TTd g) = TI(d f,d g),
which is closed and non-degenerated along the leaves of S. Each leaf S of S, together with the leaf-wise
symplectic structure wg := wgslg, is said to be a symplectic leaf of (M,II). The pair (S,ws) is the
symplectic foliation of (M,II), which fully characterize the Poisson structure II.

Example 1.4. For a symplectic manifold (M,w), the symplectic foliation consists of the connected
components of M, and the leaf-wise symplectic structure is just w. v
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Example 1.5. For the coalgebra g* of a Lie algebra g with integrating connected and simply connected
Lie group G, the symplectic leaves of g* are the coadjoint G-orbits. This follows from the fact that
the Hamiltonian vector fields, which generate the symplectic foliation, coincide with the infinitesimal
generators of the coadjoint action, which generate the tangent space to the coadjoint orbits. The
leaf-wise symplectic form is given by ws(&g+, ng<) () = p([£,ng) for all {,n € g. v

1.2 Lie algebroids

The idea of a Lie algebroid is to have a vector bundle endowed with a structure which is similar to
the one of the tangent bundle of a manifold. Indeed, many geometric structures naturally induce a
Lie algebroid, which encodes, for instance, the cohomological information of the geometric structure.

Definition 1.6. A Lie algebroid is a triple (E,q, [, -]g) which consists of a vector bundle E — M
whose sections are endowed with a Lie bracket [-,-|p : T'(E) x T'(E) — T'(E), and a vector bundle map
q: E — TM satisfying

la, 0] = fla,ble + Lga) f - b, Ya,b € T(E), f € C*°(M). (1.1)

The vector bundle map ¢ : E — T'M is called the anchor of the Lie algebroid, and the identity
(1.1) is called the Leibniz rule. It follows from the definition of a Lie algebroid that the anchor map
is a Lie algebra morphism [21l Lemma 8.1.4]:

ala, bl = la(a), a(b)] Va,b € T(E). (1.2)

Example 1.7 (Tangent Lie algebroid and regular foliations). The simplest example of a Lie algebroid
is the triple (T'M,Idras, [, ¢]), consisting of the tangent bundle of M, the identity map, and the Lie
bracket of vector fields. Similarly, on a foliated manifold (M, F), the triple (T'.F,¢, [, |F) is a Lie
algebroid, where T'F is the tangent bundle to the F-leaves, ¢ : T'F — T'M is the natural inclusion,
and [-, -] 7 is the restriction of the Lie bracket to the tangent vector fields I'(T'F). v

Example 1.8 (Poisson manifolds). Every Poisson structure on a manifold induces a Lie algebroid
structure on the cotangent bundle. More precisely, if (M,II) is a Poisson manifold, then the triple
(T*M,TI*, {-, - }11), where

{aaﬁ}n = LHna ﬁ - i]‘[ﬁﬁ daa \V/OZ,B € F(T*M)v (13)

is a Lie algebroid. In particular, the morphism property IT*{a, 8} = [[Tfa, TI* 3] holds for all «, 8 €
['(T*M). Conversely, if I is a bivector field satisfying the morphism property, then II is Poisson, and
hence the triple (7*M, 1, {-, - }11) is a Lie algebroid. \/

Example 1.9 (Principal bundles). Let P 2 M be a G-principal bundle, and consider the tangent
lift of the action on P to the tangent bundle TP. The orbit space TP/G is a vector bundle over M
whose sections naturally identify with the invariant vector fields on P,

TP —"~TP/G TP ul TP/G

i P P

P M M
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Hence, the Lie bracket of invariant vector fields on P induces a Lie bracket [-,-]pp/q on I'y(TP/G).

Furthermore, the differential TP %5 TM induces a vector bundle map TP/G & TM satisfying the
Leibniz rule. Therefore (T'P/G,q, [-,-|rp/c) is a Lie algebroid, called the Atiyah algebroid of P. ¥

Example 1.10 (Restriction to a symplectic leaf). Let ¢ : S < M be a symplectic leaf of a Poisson
manifold (M, II). The triple (T'sM := *(T'M), Hﬁs, {*,-}s) is a Lie algebroid over S, where L*ngoL* =
T, and {t*, *B}s = t*{c, B}11, holds for all o, B € T'(TM). v

The last two are examples of a transitive Lie algebroid, that is, the anchor map is surjective. In
Example S can be replaced by any submanifold N of M such that Hﬁ(Tj{,M ) € TN. Such
submanifolds ¢ : N < M are said to be Poisson, due to the fact that the Poisson structure II can be
naturally restricted to N, in the sense that there exists a Poisson structure Iy € I'(A?T'N) such that
L*OH%OL* = IT%.

Remark 1.11. Forn € N, consider the group of permutations Sy, of {1,...,n}. Given o € S, and
ke {l,...,n}, we denote by oy, := o(k) the value of o on k. Explicitly,

< 1 2 ... n >

o= .

0'1 0'2 e O'n

We will also denote by (—1)7 the sign of o. On the other hand, fori,j € N, we denote by

S(i,j) = {O‘ S Si+j | o1 <o < - <0y, and Oip1 < Ojgo < -+ < Ui+j}

the subset of shuffle permutations of Siyj. The subset S(; j iy € Siyjvk is defined similarly.

1.2.1 Equivalent definitions

There exist some alternative ways to define a Lie algebroid structure on a vector bundle £ — M [21],
Sections 8.2 and 8.6], [57, Sections 2.2 and 3.2]. For the purposes of this work, here we revise the
following;:

e A graded derivation g € Der(I'(A*E*)) of degree 1 and of square zero, 0% = 0.
e A graded Poisson bracket [-,-]g of degree -1 on (I'(A®E), A).

e A Poisson structure IIg on E* preserving the fiber-wise linear functions.

The de Rham differential. Let (E,q,[,-]g) be a Lie algebroid. For each o € T'(AFE*), dpa €
['(AF1E*) is given on aq, . ..,ar41 € T'(E) by the Koszul’s formula

Opalat,...,ax1) i= Z (—1)7 Lq(agl)(a(aﬂw ce 7a0k+1)) - Z (-1 ([as,; ao,]E, Aoz e -t a0k+1)'
O’ES(Lk) UES(Z,kfl)

This defines a graded derivation O € Der' (I'(A*E*)). The fact that 8% = 0 follows from observing
that 9% = 3195, 9E], where [,] denotes the graded commutator of endomorphisms of I'(A®E*).
Thus, 8% is also a graded derivation of degree 2 vanishing on C*(M) and I'(E*), due to (T.2)) and the
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Jacobi identity for [-, -] g, respectively. Conversely, the anchor map ¢ and the Lie bracket |-, ]g can be
recovered from Og by reversing the Koszul’s formula for k£ = 0,1, as follows:

Lq(a) [= aEf(a)a a([a, b]E) = Lq(a) (Oé(b)) - Lq(b) (a(a)) - aEOé((l, b)v

where a,b € I'(E), f € C*®(M), and o € T'(E). It is also important to note from (1.2)) that the dual
of the anchor map ¢* : T(A*T*M) — T'(A*E™) is a cochain complex morphism between the de Rham
complexes of (E,q, [, |g) and (TM,Idrar, [, +]), where the latter is the standard de Rham complex.

The Schouten bracket. Given a Lie algebroid (E, ¢, [-,-|r) and its differential 9, we can associate
to each A € T'(AFE) the differential operator iy € End~*(I'(A®*E*)) given as follows: if A = a1 A---Aay,
for some ay,...,a; € I'(E), then iy :=ig, 0--- 01y, , where iy, is the insertion operator. For a general
A € T(AFE), iy is defined by R-linear extension. Moreover, we define LS € End *TL(I(A*E*))
by Li := [9,14], where [, -] is the graded commutator of graded endomorphisms. Explicitly, Li =
doig —(—1)*is 0d. Now, for A € T(AFE) and B € T(A'E), there exists a unique [A, B]p € T(AF-LE)
such that

iap, = [L3. i8]

This gives an R-bilinear operation [-,-]g : ['(A*E) x I'(A*E) — I'(A®E) such that (I'(A*E), A, [, ]g)
is a graded Poisson algebra of degree -1. Indeed, the graded skew-symmetry, Leibniz rule, and Jacobi
identity follow from the corresponding ones of the graded commutator on End®*(I'(A*E*)). It is also
important to mention that [, -]z agrees on I'(E) with the original bracket of the Lie algebroid, so
there is no ambiguity in the usage of this notation. Furthermore, [a, f]r = Ly(q) f for all a € T(E)
and f € C°°(M). These facts allow to recover the Lie algebroid structure on E from a graded Poisson
bracket [-,-]g on T'(A®E).

Definition 1.12. The derivation O € Der! (I'(A®E*)) and the bracket [-,-]g described above are called
the de Rham differential and the Schouten bracket of the Lie algebroid (E,q,[-,|E), respectively.

Fiber-wise linear Poisson structures. Let E 5 M be a vector bundle. For each a € I'(E), let
©q € C®(E*) be the corresponding fiber-wise linear function ¢, : E* — R defined by the natural
pairing: ¢, () := a(ay(q)). Given a Lie algebroid (E, g, [+, -] g), there exists a unique Poisson structure

g € T(A2T(E*)), defined on the total space of its dual bundle E* = M, by

HE(d(pa,dgob) = QD[aJ,}E. (1.4)

The uniqueness of IIg follows from the fact that, for all & € E*, TX(E*) = {da¢a | @ € I'(E)}, and
the Jacobi identity for IIg follows for the one for [-,:]g. As a consequence of the Leibniz rule (I.1))
and the fact that pr, = 7 f, for all f € C*°(M) and a € T'(E), we get

Np(dge,dm*f) = 7" Ly f- (1.5)

Relations (1.4)) and (|1.5)) allow to recover a Lie algebroid structure (F,q, |-, -]) on E from a fiber-wise
linear Poisson structure Ilg on E*.
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1.2.2 The characteristic foliation

It is well known that every Lie algebroid induces on the base manifold a generalized foliation.

Let (E — M, q,[,-]r) be a Lie algebroid. Its characteristic distribution is the image of the anchor
map, CF := ¢(E). Now, consider its Poisson structure Iz on the dual bundle E* = M. We
claim that, for all a € T'(F), the Hamiltonian vector field X, := HﬁEdgoa € I'(T(E")) is m-related to
¢(a) € T(TM). This follows from (1.5)),

LXQW*fIHE(dgoa,dW*f):W*Lq(a)f, VfGCOO(M)

Moreover, since the characteristic distribution C''# of Il in E* is generated by the Hamiltonian vector
fields X, of the fiber-wise linear functions ¢,, and the characteristic distribution of F is generated by
the g(a)’s, our previous claim implies

Teo (CF) = CF oy Va € E*,

and 7o Fly, = Flg(a) or, for all t € R and a € T'(E). Thus, denoting ® := Fl_, and ¢ := Flz(a), and
by applying the fact that C''7 is an involutive distribution on E*, we get

(b*ﬁ(a)(cf(a)) = ¢*ﬁ(a> (ﬂ-*a (CozHE)) = Txg(a) ((I)*a (CoerE)) = W*@(a)(cg(i)) = Cf(cb(a)) = C¢E(7r(a))'

Therefore, the characteristic distribution C¥ of the Lie algebroid E is also involutive in the sense of
Stefan-Sussmann. Hence, it induces a foliation £ of M such that TL£ = C¥, which is also called the
characteristic foliation of E.

1.3 Dirac structures

The formalism of Dirac structures gives a natural generalization of the notion of presymplectic and
Poisson manifolds, unifying the covariant and contravariant approaches. This is achieved by endowing
the Pontryagin bundle of a manifold, which is the Whitney sum of the tangent and cotangent bundles,
with a suitable algebraic-geometric structure, called Courant algebroid [45), Definition 2.1]. In general,
Courant algebroids are the natural framework to work with Dirac structures [13, Definition 2.3.1] and
with some of its generalizations such as twisted Dirac structures [79].

1.3.1 Courant algebroids and Dirac structures

Let E — M be a vector bundle, p : E — T'M a vector bundle map, (-,-) : E x E — R a bilinear,
symmetric, and non-degenerated product form on E, and [-,-] : T'(E) x I'(E) — I'(E) an R-bilinear
bracket.

Definition 1.13. The tetrad (E,p, (-,-), [, -]) is said to be a Courant algebroid whenever the following
azioms are satisfied for all f € C°(M) and n,n1,m2 € T'(E) [37, Definition 2.1]:

(CA1) [, [m,m2ll = [, mlsn20 + [n1, 9, n211,
(CA2) Ly (nismz) = ([n,ml, n2) + (m, [, n2l),

(CAS3) (n1, [n2:m2]) = 5 Lpgn) (n2:m2) -
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Furthermore, on every Courant algebroid, the following properties also hold for all n,7" € T'(E)
and f € C*(M) [37, Theorem 2.1]:

(CA4) [n, 'l = fln, 'l + Ly f -7,
(CA5) pln, 7'l = [p(n), p(n")].

Axiom (CAl]) is the Jacobi identity for the bracket [-, -], written in Leibniz form. Property (CA4) is
called the Leibniz rule, and (CA5)) says that p: I'(E) — I'(T'M) is a Loday algebra morphism. Note
from (CA3)) that [-,-] is not a Lie bracket in general.

Example 1.14. Let (F,q,[-,-|g) be a Lie algebroid, and O its de Rham differential. The tetrad
(E® E*,qoprg, (-,-), [,-]) is a Courant algebroid, where pr : E® E* — E is the natural projection,

(a®a,bd ) := a(b) + B(a), and [a ®a,b® B] = [a,b]p ® (L B — i, Oa)

for all a,b € T'(E) and «, 8 € T'(E*). In particular, when £ = T'M we obtain the standard Courant
algebroid on the Pontryagin bundle of M (see Subsection below). v

As mentioned above, the failure of a Courant algebroid to be a Lie algebroid follows from the fact
that the bracket is not always skew-symmetric, since the symmetric product gives an obstruction to
this property. However, whenever we restrict the Courant algebroid structure to a subbundle in which
the symmetric product vanishes, we indeed obtain a Lie algebroid.

Let (E,p, {-,-),[,-]) be a Courant algebroid. Given subbundle L C E, we denote by L+ C E its
(-, -)-orthogonal complement,

Lt ={nek|{n¢ =0,V L}

We say that L is isotropic, coisotropic, or Lagrangian, if L C L+, L O L+, or L = L', respectively.
Lagrangian subbundles are also called maximally isotropic, and, because of the non-degeneracy of
(-,-), their rank must be equal to half of the rank of E (in particular, there are no maximally isotropic
subbundles if the Courant algebroid has odd rank).

Suppose we are given an isotropic subbundle L C E. By definition, the restriction of (-,-) to L is
zero. If, in addition, the sections of L are closed under the bracket of E,

[C(L), T(L)] € T(L),

then the restriction [-,-] := [, -]Ir(z)xr(r) is @ Lie bracket. Indeed, the Jacobi identity follows from
, and the skew-symmetry is consequence of and the isotropy of L. Furthermore, for the
restriction ¢ := p|r, : L — TM, property implies that the Leibniz rule for [-,-]; and ¢ also
holds. In other words, the triple (L — M, q,[-,-]1) is a Lie algebroid.

Therefore, each isotropic subbundle L. C E whose sections are closed under the bracket on E
induces a foliation of the base manifold M, which integrates the characteristic distribution g(L). We
now restrict our attention to the case of maximally isotropic subbundles.

Definition 1.15. Let E — M be a Courant algebroid. A Dirac subbundle of E is a mazimally isotropic
subbundle D C E such that the sections of D are closed under the bracket of E.
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As we have explained, Dirac structures are endowed with a Lie algebroid structure. On the other
hand, for a maximally isotropic subbundle D C E, the property of being Dirac is equivalent to

<777 [[§>C]]> =0 an’SaCGF(D)' (1'6)

Indeed, observe that this property is equivalent to [¢,¢] € T'(D+) for all £,¢ € T'(D). Since, D is
maximally isotropic, by definition we have D+ = D, so [¢,(] € T'(D) for all ¢,¢ € T'(D).

1.3.2 Twisted Dirac structures

Let TM and T*M the tangent and cotangent bundles of a manifold M, respectively. Let us denote by
TM :=TM & T*M the Pontryagin bundle of M. Observe that TM is endowed with a canonical and
non-trivial Courant algebroid structure, given as in Example[I.14] Consider the canonical projections
prav 2 TM — TM and pp«p; : TM — T*M, the canonical bilinear symmetric product (-,-) : TM x
TM — R, given by

(X®a,Yop) =alY)+B(X), VX®aY®peTM, (1.7)
and the Dorfman bracket [-,-] : T(TM) x T'(TM) — I'(TM) [I8, eq. (2.15)], [19, p. 242],
[X®a,Yaep]=[X,Y]® (Lxp—-ivda), VX®aY®pel(TM). (1.8)

It is straightforward to verify that the tetrad (TM, pras, (-, ), [,-]) is a Courant algebroid, that is,

axioms ((CA1))-(CA3]) hold.

Dirac structures. Let M be a manifold, and TM its Pontryagin bundle. A Dirac structure on M
is simply a Dirac subbundle D C TM of the Pontryagin bundle with respect its canonical Courant
algebroid structure. Explicitly, a Dirac structure on M is a maximally isotropic subbundle D C TM
whose sections are closed with respect to the Dorfman bracket . In this case, the pair (M, D) is
sometimes called Dirac manifold [20)].

Given a maximally isotropic subbundle D C TM, the condition for D to be Dirac is equivalent to

ngLXl OéQ"‘in LX2 a3+iX2LX3a1:O VXiGBOZiEF(D).

This integrability condition is just (1.6) written in expanded form.
Observe that every Poisson manifold (M, II) naturally induces a Dirac structure on M. Indeed,

DUl ={fa®a|acT M}

is a maximally isotropic subbundle which is closed with respect to the Dorfman bracket due to the
Jacobi identity of II. In a similar fashion, the graph

D¥:={X & (—iyw)| X € TM}

of a 2-form w € T'(A?T*M) is a maximally isotropic subbundle which is a Dirac structure if and only
if dw = 0. For a detailed explanation, we refer to Examples and below. Another family of
Dirac structures on M are given by regular foliations. Indeed, as we explain in Subsection if F
is a regular foliation on M, then D7 := T'F @ Ann(TF) is a Dirac structure, due to the involutivity
of TF.
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Dirac structures with background. The most important example of a Courant algebroid is the
Pontryagin bundle of a manifold endowed with the standard Dorfman bracket. However, we can
slightly twist the background by means of a closed 3-form in order to generate new Courant algebroids.

Let 1) € T(A3T*M) be a closed 3-form on M. The ¢-Dorfman bracket [-, -]y : T(TM) x T(TM) —
['(TM) is given by

[X®a,Y@ply=[X,Y]®[LxB—iyda—iyix¢), VX&aVY@Bel(TM). (L9)

We claim that the tetrad TMy := (TM,pru, (-, ), [+, -]¢), where pras : TM — T'M is the canonical

projection, and (-, -) is given as in ([1.7]), is a Courant algebroid. Indeed, axioms (CA2)) and (CA3|) hold
because of the skew-symmetry of ¢, and the Jacobi identity (CA1|) follows from the closedness of .

We call TM,, the Courant algebroid on TM with background 1 or, shortly, the ¢-Courant algebroid
on TM. For a detailed proof of the fact that TM, is indeed a Courant algebroid, see Proposition
of the Appendix.

We now recall the notion of Dirac and Poisson structures with background, which are also called
twisted structures.

Definition 1.16. A Dirac structure with background 1 or, shortly, 1-Dirac structure on M, is a
Lagrangian subbundle D C TM such that [I'(D),I'(D)], C T'(D).

In other words, a -Dirac structure on M is a Dirac subbundle of the Courant algebroid TM,.
For a maximally isotropic subbundle D C TM, the integrability condition reads

ngLXl az—l-in LX2 Oég—i-iXQ LX3 a7 :w(Xl,Xg,Xg), VXi@Oéi GF(D). (1.10)

Example 1.17 (Presymplectic structures with background). Let w € T'(A2T*M) be a 2-form on M.
Then, the graph of —w’ : TM — T*M,

D¥:={X & (—ixw)| X e (TM)}

is Lagrangian. Let us describe when DY is a 1-Dirac structure. Fix Xj, Xo, X3 € T'(T'M), and set
a; = —ix, w, so that X; ® a; € I'(DY) for all i = 1,2,3. Then,

ngLXl a2+iX1LX2a3+iX2LX3a1:— E ngLXginw
(17273)

= — E Lixyix, ix; w +1x,,x5) 1x; w
(1’273)

= - dw(Xb X2a X3)
Because of (1.10), D¥ is a -Dirac structure if and only if dw + ¢ = 0 [79, p. 3]. v

Example 1.18 (Poisson structures with background). Let II € T'(A2T'M) be a 2-vector field on M.
Then, the graph of II* : TM — T*M,

DY .= {Ifa@®a|aecT(T*M)}
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is Lagrangian. Let us describe when DU is a ¢-Dirac structure. Fix ai,as,a3 € I'(T*M), and set
X; = ITfay, so that X; @ oy € T(DM) for all i = 1,2,3. By straightforward computations,

iX3 LX1 a9 + in LX2 a3 + iX2 LX3 o] = — Z H(Oél, dH(OéQ,Oé3)) — 063[Hti051,Hﬁ042]
(1,2,3)

= %[Ha H](O[l, a9, a3)7

where in the last equality we have applied Lemma Because of (1.10]), D' is a ¢-Dirac structure
if and only if %[H, ] = —II%) [79, p. 3]. v

Definition 1.19. We say that w € T(A?T*M) is a presymplectic form with background v, or, shortly,
P-presymplectic form, if dw+1 = 0. Similarly, 11 € T(A*TM) is a Poisson structure with background
Y, or, shortly, 1¥-Poisson structure, if %[H,H] = —TIIf).

As a consequence of Example M admits -presymplectic structures if and only if ¢ is
cohomologically trivial. On the other hand, given a -Poisson structure II on M, the projection
preu : D — T*M is an isomorphism which induces the Lie algebroid (7*M,TI%, {-, -}11.4), where

{a, By = Lo B — g d @ — imzg inza ¥, Vo, € I'(T*M). (1.11)

In terms of the closedness of the graph D' with respect to the ¢-Dorfman bracket, a bivector field
I € T'(A?T'M) is 1-Poisson if and only if

M, T 8] = TH{av, B}y Va, 8 € T(T*M).

Remark 1.20. In the case when ¥ = 0, we recover the usual notions of presymplectic and Poisson
structures as particular cases of Dirac structures. In particular, the bracket of 1-forms of Poisson
structures s

{a, ﬂ}n}w = L, 8 — iHﬁﬂ da, Va, B € F(T*M). (1.12)

Presymplectic foliations with background. Recall that every Dirac structure is equipped with a
Lie algebroid structure, which induces a foliation on the base manifold. In the case of Dirac structures
with background, the foliation is endowed with a leaf-wise presymplectic structure with background.
The converse is also true: every presymplectic foliation with background is the characteristic foliation
of the Lie algebroid of some Dirac structure with background. This generalizes the fact that Poisson
structures are in correspondence with symplectic foliations.

Let ¢ € D(A3T*M) be a background form, and consider the Pontryagin bundle TM, equipped
with the Courant algebroid structure given by the i-Dorfman bracket . Let also D be a Dirac
structure. Let us denote by CP its characteristic distribution, and by S its characteristic foliation,
TS = CP. Let us define ws € I'(A2T*S) by

ws(X,Y) = B(X),

where X, Y € I'(T'S) and g € I'(T*M) is such that Y & § € I'(D). We claim that ws is well defined.
Indeed, if f’ € T(T*M) is another such that Y & ' € T'(D), then 0 (8 — 3') € I'(D). So, for any
a € I'(T*M) such that X & o € I'(D), we have by the isotropy of D,

0=(0e(B-4),Xoa)=pX)-pFX).
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This proves that the value ws(X,Y") is independent of the choice of 5. On the other hand, since D is
isotropic, 0 = (X @ a, Y @ ) = a(Y) + B(X), which implies

ws(Y, X)=a(Y) =-5(X) = —ws(X,Y),

proving that ws is skew-symmetric.

Finally, we will show that ws is ¢-presymplectic along the S-leaves. For a fixed leaf ¢ : §' — M
of S, let dg be the de Rham differential of S, and wg € T'(A2T*S) the restriction of ws to S. For
X1, X9, X3 € T(T'S), and picking o; € T'(T*M) such that X; ® o; € T'(D), we get

dsws(X1ls, Xals, Xals) = 1* Y Lixyix, ix, ws — ijxg,x,) ix, ws

(17273)
=" E ix, Lx,ix, ws = —* g ix, Lx, o
(1,2,3) (1,2,3)

= =" (Y(X1, X2, X3)) = —"Y(Xq]s, Xa|s, X3]s),

due to (1.10). In other words, the manifold (S,wg) is t*1-presymplectic.
Conversely, if (S,ws) is a foliation such that each leaf ¢ : S < M is (*y-presymplectic with the
structure wg := t*ws, then

D¥s .= {X@Ox eTM | Oz‘Tg = —inS}
is a 1-Dirac structure, provided that D“s is smooth. We have proved the following:

Theorem 1.21. There exists a one-to-one correspondence between Dirac structures with background
and presymplectic foliations with background.

1.4 Poisson cohomology

Here, we review some basic notions in Poisson cohomology. For more details, see [21,, Chapter 2], [62].
Let (M,II) be a Poisson manifold. Because of the Leibniz rule of the Schouten-Nijenhuis bracket,
the map

A : T(A®TM) — T(A*TM)

given by Or1(A) := [II, 4] is a graded derivation of degree 1. Furthermore, oy is a coboundary operator,
9% = 0, due to the Jacobi identities of IT and [-, -]. Thus, the pair (I'(A®*T'M), d) is a cochain complex,
which is called the Lichnerowicz-Poisson complex of (M,II) [44], Section 3]. The cohomology of this
cochain complex is denoted by Hyj(M), and is called the Poisson cohomology of the Poisson manifold
(M, II). We also use the notation Z7 (M) and By (M) for the sets of cocycles and coboundaries.

The 0-cocycles are the Casimir functions, which are the smooth functions f € C°°(M) such that
its Hamiltonian vector field vanishes, IT¥ d f = 0, [44} Section 8], [74, p. 3]. Equivalently, a function is
Casimir if and only if it is constant along the symplectic leaves. The algebra of Casimir functions is
denoted by Casim (M, II), and it is precisely the center of the Lie algebra (C*°(M),{-,-}).

The 1-coboundaries are just the Hamiltonian vector fields, Bf;(M) = Ham(M, II), which are the
inner infinitesimal automorphisms of (C*°(M),{-,-}), and the 1-cocycles are the infinitesimal Poisson
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automorphisms, Z&(M) = Poiss(M, ). Thus, the Poisson cohomology of degree 1, which is given by
[44, Section 8], [74, p. 3]
1 __ Poiss(M,IT)
H*(M,11) = H(;IIS;(M,H)’

may be interpreted as the space of outer infinitesimal automorphisms of II [2I), Subsection 2.1.2].
Now, suppose that ¥ € T'(A2T'M) is a 2-cocycle of d, [II, ¥] = 0. Then, for £ > 0, we have

[T +eW, T +e¥] =0 mod &2

Thus, the 2-cocycles are the infinitesimal deformations of the Poisson structure II [2I, Subsection
2.1.2]. In this sense, the 2-coboundaries are the trivial deformations. Indeed, if ¥ = [II, X] for some
X € I(TM), then

(FI5)*(IT+e¥) =TT mod &°.

Since Iy is a derivation of the Poisson algebra (I'(A*TM),A,[-,]), the space of coboundaries
B (M) is an ideal of the Poisson subalgebra of cocycles Z(M). Hence, the exterior product and the
Schouten-Nijenhuis bracket induce well-defined operations in cohomology, so that (Hp (M), A, [-,]) is
also a graded Poisson algebra of degree —1 [2I, Remark 2.1.5] [64, p. 64]. In particular, H{ (M) is
a module over the ring HY(M) = Casim(M,II). Therefore, if there exists a non-constant Casimir
function, and HE(M) # {0}, then HE(M) is infinite-dimensional over R (regardless of the topological
properties of the manifold).

By using the fact that Poisson manifolds induce a Lie algebroid, one can find a Koszul’s type
formula for the coboundary operator of the Lichnerowicz-Poisson complex. In fact, recall that the
cotangent bundle of a Poisson manifold is a Lie algebroid, which induces a cochain complex structure
on the exterior algebra of its dual bundle. It turns out that this cochain complex is precisely the
Lichnerowicz-Poisson complex. More precisely, given a Poisson manifold (M, IT) and its cotangent Lie
algebroid (T*M,II*, {-,-}11), the coboundary operator A of the Lichnerowicz-Poisson complex can be
computed on A € T(AFTM) and a, ..., apry € T(T*M) as follows [5]:

OndA(a, ..., apq1) 1= Z (-1)7 LHﬁoza1 (Alagy, - - 7a0k+1)> - Z (—1)7A({ao;, o, b, - - 7a0k+1)'
oES(1,k) 0ES(2, k1)

As a consequence of this fact, the map IT¢ : T(A®*T*M) — T'(A®*TM) is a cochain complex morphism
between the Lichnerowicz-Poisson and the de Rham complexes. In particular, we have a well-defined
map induced in cohomology,

(IF)* : Hig (M) — Hy(M).

Example 1.22 (Symplectic manifolds). On a symplectic manifold (M,w), the map I, : "M — TM
is an isomorphism, with inverse map —w?. Therefore, the Lichnerowicz-Poisson complex is isomorphic
to the de Rham complex of M. v

Example 1.23. Let N be any manifold endowed the zero Poisson bracket, (M,w) a symplectic
manifold, and M x N the product Poisson manifold. Then, (the lift of) every multivector field
A €T(A*TN) on N is a cocycle on M x N. v
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Example 1.24 (The Poisson manifold s[*(2)). Consider M = R? endowed with the Poisson structure
10 9 2.0 9 3.9 d
=250 N ges + 2753 N et = 25,1 N ez

Then, k(z) := (z1)? + (2%)? — (23)? is a Casimir function. Now, let f : R — R be given by

Ft) = { eV it >0,

0 otherwise,

and K € C°(M) by K := f ok. Then, the vector field Z € I'(T'M) given by

.1 K ) 2 K(x) )
R o e e L e

is an infinitesimal Poisson automorphism [52, p. 74]. Moreover, it is not Hamiltonian since it is not
tangent to the symplectic foliation at each (21,22, 23) with (23)? < (21)? + (2%)2. Therefore, H (M)
is infinite dimensional. Furthermore,

HY(M)/R={fokec C®(M)| feC®R)is flat at 0}.

The article [54] is devoted to the proof of this result. v

Figure 1.1: The characteristic foliation of s[*(2) consists of one- and two-sheeted hyperboloids, the
upper and lower portions of the cone, and the origin as zero-dimensional leaf.

Example 1.25 (The Poisson manifold s0*(3)). Let M = R? be endowed with the Poisson structure
.10 0 2.0 0 3_0 0
M= 52 N ggs + 2753 N gor + 87551 N gz

For k(z) := (z')? + (22)? + (2*)?, we have Casim(M,II) = {fok | f € C>°(R)}. Therefore, HY (M) is
infinite-dimensional. However, since s0*(3) is a Lie algebra which is semi-simple and of compact type,
one must have [12, Theroem 4.1]

Hyy(M) = {0}

(see also [53, Theorem 1.2]). To see this, observe that the symplectic foliation consists of spheres
centered at the origin with different symplectic areas. Thus, infinitesimal Poisson automorphisms
must be tangent to the symplectic foliation. Since the sphere is simply connected, such vector fields
must be Hamiltonian. v
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Figure 1.2: The characteristic foliation of s0*(3) consists of concentric spheres at the origin, and the
origin itself as zero-dimensional leaf.

Example 1.26. On M = R?, consider the Lie-Poisson structure
._ 0 1.9 2 0
The following vector fields
0 0 0 0 0

Jy = Ty 7— — T3, Z3 = x3 57— Zy = X9

Z1 = EToe Oy O3 Oy’ Oxs

are generators of the first Poisson cohomology (see Section . Therefore,
HE(M) =R x sl(2,R)

as a Lie algebra [71, Example 7.1]. v

Figure 1.3: The Lie-Poisson structure described in Example [I.26] has characteristic foliation of
open-book type. The two-dimensional leaves are half-planes whose boundary is the z-axis, which
each of its points is a zero-dimensional leaf.
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Cohomology of Poisson structures with background. Let ¢ € I'(A3T*M) be a closed 3-form
on the manifold M, and IT € T'(A2T'M) a v-Poisson structure, %[H,H] = —II*4. The corresponding
Lie algebroid is (T*M,II¥, {-, -}11.4), where

{Oé,ﬁ}n,w = LHﬁa ﬁ - iHﬁﬁda - iHﬁB iHﬁa sz)a VOZ,,B € F(T*M)

The de Rham differential Oy : T(A*T'M) — I'(A*TM) is Oy = Ou + ji1,4, Where Opp := adp is
the usual adjoint operator of II with respect to the Schouten-Nijenhuis bracket of I'(A*T'M), and
i TATM) = T(A*TM) is given on A € D(AFTM) and ay, ..., ap1 € D(T*M) by

jH,’L[J A(ah ) ak+1) = Z (_1)JA(iHﬁagl il'[?iaz(,2 ¢7 Aoz aaUkJrl)' (113)
0€S(2,k-1)

There is a nice description of ji,, as the insertion of a I-form-valued bivector. In fact, define
Q=Quy € T(NTMRT*M) by Q(a, 8, X) := —tp(ITF, I¥3,Y"). Then, the right-hand side of
is simply the insertion ig A evaluated on (s, ..., a441). In other words, Jiy = 1Qu.y-

The 0-coboundaries are such f € C%°(M) satisfying IT*d f = 0. In other words, Z%#}(M) =
H&w(M ) consists of the functions which are constant along the 1-symplectic leaves. The 1-cocycles
X e le[ﬂ/J(M) are those X € I'(T'M) such that

[IL, X(ev, B) = X iz irmzp ) = 0 Va,5 e I(T"M).

This is equivalent to [X,II] = IT¥iy 1.
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Chapter 2

The Coupling Method and Semilocal Poisson Geometry

In this chapter, we give a brief review of the coupling method for Poisson and Dirac structures on
foliated manifolds. In Section we describe the coupling method in the category of vector spaces.
Sections [2.2}2.3] are devoted to the description of the geometric structures which appear in the context
of the coupling method, such as Poisson foliations, connections, and curvature. The coupling method
on foliated manifolds is described in Section [2.4] Finally, in Section [2.5| we apply the coupling method
to describe Poisson geometry around symplectic leaves.

2.1 The coupling method in the vector space category

Let W be a finite dimensional vector space, and W* its dual space. Denote W := W @& W*. Consider
the canonical projections py : W — W, pyy» : W — W* and the bilinear symmetric pairing (-,-) on
W given by

(X®a,Ydp):=al)+ 5(X), VX, Y e W,a, 8 € W™,
Consider a subspace L C W. The orthogonal complement L' of L with respect to (-, ) is
L ={neW|(n¢) =0, Ve L}

We say that L is isotropic, coisotropic, or Lagrangian if L C L+, L D L+, or L = Lt respectively.
Lagrangian subspaces are also called mazimally isotropic, and their dimension equals to the one of W.
Given an isotropic subspace L C W, the characteristic subspace C* C W is given by C¥ := py(L).
An example of a Lagrangian subspace is the graph of a bivector I € A2W, given by Graph(IIf) :=
{Ifa @ o | @« € W*}. A maximally isotropic subspace D is the graph of a bivector if and only if
Dn (W a{0}) ={0}.

Now, consider a fixed subspace V' C W, and denote by

Vei=Am(V)={ae W*|a(v)=0Yv eV}
its annihilator. Also, denote V:=V @& V° C W.

Definition 2.1. Let D C W be a maximally isotropic subspace. We say that D is a coupling space
on (W, V), or, shortly, a V-coupling subspace if

DeV=W.

If D is a maximally isotropic subspace, then dim D + dimV = dim W for any subspace V' C W.
Therefore, D is V-coupling if and only if D NV = {0}.

33



34 2. THE COUPLING METHOD AND SEMILOCAL POISSON GEOMETRY

Definition 2.2. A triple (P,v,0) of geometric data on (W,V) consists of a bivector P € N2V ; a
linear map v : W — W such that im(y) =V, and v* = ~; and a 2-form o € N2V°.

The goal of this part is to show the existence of a one-to-one correspondence between V-coupling
subspaces of W and geometric data on (W, V). To do so, we need some preliminary constructions.

Given a Lagrangian subspace D C W, let us define the subspaces H = H(D,V) C W and
A=AD,V)C W* by

HD,V):={XeW|3aeV° : XdaeD}=pw(DN(WaV), (2.1)
AD,V):={peW*|FveV : vdpe D} =py- (DN (Ve W)). (2.2)

Observe that A C Ann(H). Indeed, for p € A and X € H, there exist v € V and a € V° such
that v @ p, X @ o € D. Taking into account that a(v) = 0 and the isotropy of D, we get

0=(v®u, X & a)=puX).
Since X € H is arbitrary, u € Ann(H), as claimed. This property is stronger in the coupling case.
Lemma 2.3. For the Lagrangian subspace D C W, the following assertions are equivalent:
(a) D is V-coupling.
(b) HpV =W.
(c) Ve A=W*.
In this case, Ann(H) = A.

See Lemma [AT] of the Appendix for a detailed proof.
Given a linear map v : W — W such that 42 = v and im~ = V, denote H” := kery C W, and
A7 :=1im~* C W*. Then, it follows that A” = Ann(H").

Proposition 2.4. There exists a one-to-one correspondence between V -coupling Lagrangian subspaces
D Cc W and geometric data (P,~,0) on (W, V).

Proof. Given some geometric data (P,v,0), the subspace Dp, , C W given by
Dpro = {(PPu+X)® (u—ixo)| X € H,u € A"} = Graph(P*| 4+) ® Graph(—o’| )

is Lagrangian and V-coupling, due to Lemma of the Appendix. Conversely, each V-coupling
Lagrangian subspace D C W induces a triple (Pp,vp,op) of geometric data given as follows: the
linear map vp : W — W is the projection over V along the splitting H & V = W of Lemma (b);
the bivector Pp € A%V and the 2-form op € A?V° are defined by the following relations:

PluoueD, VueA, X®(-ixop) €D, VX €H.

The fact that Pp and op are well defined follows from Lemma[A-3] Finally, the proof of the fact that
this correspondence is one to one is given in Proposition [A-4] of the Appendix. |

Definition 2.5. Given a V-coupling Lagrangian subspace D C W, we say that (P,~,0) given by
Proposition [2.]) is the geometric data associated with D.
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Let IT € A2W be a bivector. Since the graph Graph(IT*) of IT is a maximally isotropic subspace of
W, it is natural to find conditions for which Graph(II*) is V-coupling.

Proposition 2.6. The graph Graph(II*) of a bivector II € A2W is V -coupling if and only if
(Vo) oV =W.

Moreover, if (P,7,0) is the geometric data associated with a V -coupling Lagrangian subspace D C W,
then D is the graph of a bivector if and only if kero” = V.

Proof. For D' := Graph(II*), one has
HDYV)={XeW |X®daecDMacV°}={Ilfa|acV°}=TFV").

By Lemma we have that D is V-coupling if and only if TI*(V°) @ V = W. Now, if (P,~,0) is
some geometric data and D is the corresponding V-coupling subspace, then

DN(Wa{0}) ={(X+Pp)e(p—ixo)| X e H,pe A",u—ixo =0}
—{X®0| X e H,ixo =0} =ker(c”|z1+) @ {0}.

Thus, D is the graph of a bivector if and only if ker(o”|g~) = {0}. Since HY®V = TM, and V C ker o,
we conclude that the condition for D to be the graph of a bivector is equivalent to kero” = V. |

2.2 Generalities on foliations and connections

For the purposes of this work, we are interested in the application of our previous description of
coupling structures on vector spaces to the smooth category. More precisely, we apply our previous
characterization to Dirac structures on foliated manifolds. In this sense, we need to review some
basics on regular foliations, as well as some other structures that interrelate to describe the geometry
of coupling structures, such as Ehresmann connections.

Regular foliations. Suppose we are given a regular foliation ¥V on M, and let V := TV be the
tangent bundle of V. A multivector field A € I'(A*T'M) on the foliated manifold (M,V) is said to
be leaf-tangent if A € T'(A*V). Since V is involutive, the Schouten-Nijenhuis bracket of leaf-tangent
multivector fields is again leaf-tangent. This implies that I'(A®V) is a graded Poisson subalgebra of
the algebra of multivector fields.

A vector field u € TI'(TM) is said to be an infinitesimal automorphism of (M,V), or, shortly,
V-projectable, if [u,Y] € T'(V) for all Y € T'(V). The set of V-projectable vector fields will
be denoted by aut(M,V). Algebraically, aut(M,V) is the normalizer of the Lie subalgebra of
leaf-tangent vector fields I'(V'), so aut(M, V) is an R-Lie algebra containing I'(V'). As a consequence,
[aut(M, V), T (A*V)] C T(A*V). It is important to remark that, for any regular foliation V, the tangent
bundle T'M is locally finitely generated by V-projectable vector fields.

Denote by V° := Ann(V) the annihilator of the tangent bundle of V. Then, I'(A*V°) is the exterior
subalgebra of differential forms which vanish if any of its arguments is leaf-tangent. Moreover, the
algebra of V-projectable vector fields preserves I'(A®*V°), in the sense that L, a € T'(A*V?) for all
u € aut(M,V) and a € I'(A*V°). Finally, note that I'(A®V°) is not a cochain subcomplex of the
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de Rham complex of M. In fact, the involutivity of V is equivalent to iy da € T'(A*V°) for all
acT(A*V°)and Y e I'(V).

The contravariant analog of the V-projectable vector fields are the basic differential forms. A
k-form o € T(A*V°) is said to be basic if da € T(A¥T1V°). The R-space of basic k-forms is denoted
by [p(APV°). Tt is clear that T',(A®V®) := @,y [b(AFV°) is a subalgebra of the differential forms
with the exterior product, and a subcomplex of the de Rham complex (I'(A*T*M),d). Furthermore,
for all uw € aut(M,V), and o € I',(A*V°), we have i,a € I'h,(A*V°). In particular, the algebra
'L (A®V®) of basic forms is preserved by the V-projectable vector fields,

L, € T(AVO), Vu € aut(M, V), o € T, (A°V?).

For any regular foliation V, the basic forms locally generate I'(A®V°).

Associated with a foliation V on M, the algebra of leaf-wise differential forms is T'(A*V*). The
leaf-tangent multivector fields naturally act on T'(A®V*) by insertion, and for each p € I'(A*V*) and
u € aut(M, V), the Lie derivative L, u is well defined by the standard formula

k

Lo (Y1, Ye) o= La(u(Ya, .., Ye) = Y p(Y1,. ., [, i), ., VR), vY; € T(V).
=1

Moreover, the foliated exterior derivative dy : T(A*V*) — T'(A*V™), is defined on pu € T'(A*V*) by

dV :u(Yla s aYk—H) = Z (_1)U LYgl (M(Yaza cee Y0k+1)) - Z (_1)0M([Y013Y02]7Y037 cee 7Y0k+1)
UES(Lk) 065(27;6,1)

forall Yy,...,Yrq € I'(V). This is a graded derivation of degree 1 and a coboundary operator, d% = 0.
The cochain complex (I'(A*V*),dy) is called the foliated de Rham complex. It is immediate to see
that the foliated de Rham complex is precisely the de Rham complex of the tangent Lie algebroid
(V,e,[-,-]v), where ¢ : V- — T'M is the natural inclusion, and [-, -]y the restriction of the Lie bracket to
the leaf-tangent vector fields (see Example . Its cohomology is called foliated de Rham cohomology
and denoted by H3z (V).

The Frolicher-Nijenhuis bracket. Consider the Cartan’s algebra I'(A*T*M) with the exterior
product A. Recall that, for each vector-valued form K € T'(A*T*M ® TM), one has the graded
derivation ix of I'(A*T*M) given on o € I'(APT*M) and X1, ..., Xpyp—1 € T(T'M) by

ik a(X1, . Xpano1) == > (1)K (Xeys - Xoy )y Xogrs -3 Xy
UGS(kyp_l)

The graded derivation ix has degree k—1 and is called the insertion of K. Similarly, if « € T(APT*M ®
TM), we define ix o € T(APYE=1T*M @ T M) by the formula in above.

On the other hand the vector-valued form K € T'(A*T*M ® TM) induces the graded derivation
Lg of degree k, defined in terms of the graded commutator with the exterior differential d,

Lg := [ig,d] = ig od+(=1)Fdoig.

The graded derivation Ly is called the Lie derivative along K. Moreover, because of the Jacobi
identity of the graded commutator, it follows that [Lx,d] = 0. Also, Lx = [ix,d] = 0 if and only if
K=0.
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It can be shown that every graded derivation of the Cartan’s algebra is the sum of a Lie derivative
and a insertion of vector-valued forms. More precisely,

Theorem 2.7 (Frolicher-Nijenhuis). Let D : T'(A*T*M) — T'(A*T*M) be a derivation of degree k.
There exist unique vector-valued forms K € T(ANFT*M @ TM), L € T(AM'T*M @ TM) such that

D =Lg+ig.

The proof of this fact can be found in [35, Subsection 8.3].
The Frolicher-Nijenhuis theorem, and the fact that the correspondence K — Ly is injective,
implies that the only graded derivations commuting with the exterior differential are Lie derivatives,

[D,d]=0< D=Lg.

As a consequence, we have the following fact: given K € T(A*T*M @ TM) and L € T(A'T*M @ TM),
the graded derivation [Lx,Lz] of degree k41 commutes with d, due to the Jacobi identity. Therefore,
[Lx,Lz] must be a Lie derivative. In other words, there exists a unique vector-valued form [K, L|py €
T(AFHT* M @ TM) such that

Lik.rjpn = [Lx, LL]-
This defines an R-bilinear operation
[ N :TINT*"M QTM) x D(NT*M @ TM) — T'(AN*T*M @ TM),

called the Frélicher-Nijenhuis bracket. Because of the definition of the Frolicher-Nijenhuis bracket,
the Lie derivative is a faithful representation of the vector-valued forms on the algebra of graded
derivations with the graded commutator. In particular, the Frolicher-Nijenhuis bracket is a graded
Lie bracket on T'(A*T*M ® T'M) of degree zero.

We now present some properties regarding the Frolicher-Nijenhuis bracket. For more details, see
[35, Section 8§].

Lemma 2.8. Let K € T(A\*T*M @ TM) and L € T(A'T*M ® TM) be vector-valued forms. Then,
[Lic,in) = i ey —(—1)" Li, & -
In the case when K, L € T(AYT*M @ TM), we have for X,Y € T(TM) that
[K,Lrn(X,Y)=[KX,LY] - [KY,LX]| - L([KX,Y] — [KY, X])

— K([LX,Y] - [LY, X]) + (LK + KL)[X, Y].

Connections. Following [35, Section 8.13], recall that a connection form on M is a vector-valued
1-form v € T(T*M ® TM) corresponding to a vector bundle map ~ : TM — TM such that 72 = 7.
If we denote H7 := ker(7y), and V7 := im(7), then we have

H @ VY =TM. (2.3)
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In this case, H” and V7 are said to be the horizontal and vertical distributions of ~, respectively. The
curvature RY € T(A2T*M ® V7) and the cocurvature SY € T(A2T*M @ H") of v are

RV(X,Y) = 4[(Id—)X, (Id—)Y], S"(X,Y)= (Id =)}y X,~Y], VX,Y € T(TM),

which are the obstructions to the integrability of the distributions H? and V7, respectively.
Due to Lemma the curvature and cocurvature of « are related with the Frolicher-Nijenhuis
bracket by

yvlen = RY + 5.

Splitting (2.3) induces 7-dependent bigradings of the exterior algebras of multivector fields and
differential forms on M. To see this, denote APITM := AP HY @ A9V and APIT*M := AP Ann(V7) ®
A Ann(H”), where Ann(H") and Ann(V7) are the annihilators of H” and V7, respectively. Then,

T(ATM) = @ T(ATM),  T(AT*M)= @ T(A\IT*M). (2.4)
P,q€Z p,q€Z

For a multivector field A, the term of bidegree (p,q) in decomposition is denoted by A, ,. We
follow same notation for differential forms. In a similar manner, we have a bigraded decomposition
for any linear operator on these exterior algebras. For instance, and as a consequence of Proposition
of the Appendix, the exterior differential splits as d = d3 _; +d{,+dg; +d’ .

Connections on foliated manifolds. Suppose we are given a regular foliation V on M, and denote
V :=TV. A connection on the foliated manifold (M,V) is a connection v on M such that V7 = V.
In this case, the horizontal distribution H := ker+y is a subbundle normal to V, H @ TV = TM.
Furthermore, it follows from the involutivity of V' that the cocurvature of ~ is trivial, S7” = 0. This
implies the following relation between ~, its curvature R”, and the Frolicher-Nijenhuis bracket:

R = 3[v,7]FN- (2.5)
By Corollary d=dj _;+d],+dj,,and (dj,)* = 0. Here, d]  is the covariant exterior derivative
of 7, and dg,—1 = —ipy. Furthermore, dg,1 corresponds to the foliated exterior derivative introduced

in Section More precisely, the natural inclusion of the V-leaves in M induces a cochain complex
isomorphism, (T'(A*V*),dy) = (T(A*H®),dg ;).
Now, observe that (Id —y) € I'(V° ® T'M) can be viewed as a map (Id —v) : TM — T'M such that

(Id —y) aut(M, V) =T'(H”) Naut(M, V).

To see this, fix u € aut(M, V). Since im(y) = I'(V) C aut(M, V), one has (Id —y)u = u — y(u), which
is the difference of elements in aut(M,V). Hence, (Id —y)u € T'(H”) Naut(M, V).

Remark 2.9. For an arbitrary reqular foliation V, global V-projectable vector fields transversal to
V do not necessarily exist. Therefore, given a connection vy on (M,V), the ~y-horizontal V-projectable
vector fields aut(M,V) NT'(HY) are considered as local vector fields. Of course, if the foliation V is
given by the fibers of a submersion m : M — B, then the horizontal lifts hor” (u) of uw € T'(T'B) are
V-projectable, hor” (u) € aut(M,V)NT(HY).

Finally, we say that a connection v on (M, V) is flat if the horizontal distribution H7 is involutive,
RY = 0. In this case, d = dg,l + dlo, where dg,1 and d?,o are graded commutative coboundary operators
corresponding to the foliated exterior derivatives of V and the foliation H integrating H", TH = H".
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2.3 Geometric data

Roughly speaking, a Poisson foliation is a regular foliation such that each leaf is endowed with a
Poisson structure varying smoothly from leaf to leaf. Contrary to the case of leaf-wise differential
forms, a leaf-wise multivector field defines a global leaf-tangent multivector field whose restriction to
the leaves coincides with the leaf-wise one.

Definition 2.10. A Poisson foliation is a triple (M,V, P), where V is a regular foliation on M, and
P is a leaf-tangent Poisson structure: [P, P] =0, and P € T(A?TV).

Given a Poisson foliation (M, V, P), the Hamiltonian vector fields of P are leaf-tangent, P*d f €
[(TV) for all f € C°°(M). Therefore, the symplectic leaves of P are contained in the leaves of V. On
the other hand, the infinitesimal Poisson automorphisms of P can be transversal to the foliation V.
In particular, this occurs whenever a Poisson foliation admits a Poisson connection.

Definition 2.11. A Poisson connection v on the Poisson foliation (M,V,P) is a connection on
(M,V) such that P is y-parallel.

The ~-parallel condition for P can be expressed in infinitesimal terms as I'(H7) N aut(M,V) C
Poiss(M, P). In other words, the ~y-horizontal V-projectable vector fields are Poisson,

L,P=0 Vu € T(HY) Naut(M, V).

Denote by A7 := Ann(H?7) the annihilator of H?. Then, for arbitrary elements in I'(H”), the condition
for v to be Poisson on (M, V), P) becomes

Lx P(pu,v) =0 VX e'(H”),p,v e T(AY).

Example 2.12 (Regular Poisson structures). A Poisson structure IT such that the map IIf : TM —
T*M is of locally constant rank is said to be regular. In this case, the symplectic foliation (S, ws) can
be considered as a very special Poisson foliation (M,S,Il,,s), such that Il is leaf-wise symplectic.
If such Poisson foliation admits a Poisson connection, then II is said to be transversally constant [62,
pp. 959-960], [64, pp. 49-50]. v

An special class of Poisson foliations are, of course, Poisson fibrations.

Definition 2.13. A Poisson fibration is a pair (E 5 M, P) in which w is a surjective submersion
and P € T(A2V) is a vertical Poisson structure. Given two Poisson fibrations (E; = M, P}), and
(FBy 83 M, Py) over M, a morphism of Poisson fibrations is a Poisson map ¢ : (E1, P1) — (Ey, Py)
such that mo o ¢ = m1. A Poisson fibration (E = M, P) is said to be locally trivial if there exists a
Poisson manifold (N, Y), and an open cover U of M such that, for allU € U, 7= (U) and U x N are
isomorphic as a Poisson foliations. If the open cover can be chosen as U = {M}, then the Poisson
fibration (E = M, P) is said to be trivial.

Example 2.14 (Lie-Poisson bundles). Let (A — M,q,[-,-]a) be a transitive Lie algebroid. The
isotropy bundle I := ker(q) has constant rank and hence is a vector subbundle of A. Furthermore,
because of the Leibniz rule, I'(I) is closed with respect to [-,-]4. Moreover, the restriction [-, ] :=
[, -Jalr(ryxrry is C°°(M)-linear. So, one can think of (I — M,[-,-];) as a bundle of Lie algebras.
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Therefore, the coisotropy bundle E := I* is a fiber-wise linear Poisson fibration over M. The fiber-wise
linear Poisson structure P is defined as in , viewing I as a Lie algebroid. Furthermore, in this
case (E = M, P) is a Poisson fibration. Indeed, since the anchor of I is zero, we get that Pfdn*f = 0
for all f € C°°(M), which implies that P € T'(A2V). Since P is fiber-wise linear, (E = M, P) is in
this case a Lie-Poisson bundle. Conversely, every Lie-Poisson bundle is the dual of a bundle of Lie
algebras. v

Example 2.15. Let P 2 M be a principal G-bundle. Then, A := T'P/G is a transitive Lie algebroid
(see Example . The isotropy bundle is I = P X g, where g is the Lie algebra of G, together with
the adjoint action. This is a vector bundle over M, which is locally trivial as a bundle of Lie algebras
with typical fiber g. Therefore, the coisotropy bundle E := I* is locally trivial as a Lie-Poisson
bundle. v

It is clear that trivial Poisson fibrations are endowed with a Poisson connection. Furthermore, this
is also true for locally trivial Poisson fibrations.

Example 2.16 (Trivial Poisson fibrations). Let M be a manifold, (N,Y) a Poisson manifold, and
consider the corresponding trivial Poisson fibration (M x N, P). Consider also the tangent bundle to
the foliation F := {M x {n} | n € N} as the horizontal distribution of a connection v on (M x N, P).
It is clear that v is a flat Poisson connection. v

Example 2.17 (Locally trivial Poisson fibrations). Every locally trivial Poisson fibration admits a
Poisson connection. In fact, let (E = M, P) be a locally trivial Poisson fibration, and I/ an open cover
of M satisfying the triviality condition. For each U € U, denote by ~y the Poisson connection defined
on the trivial Poisson fibration 7=!(U). Given a partition of unity {py : U € U} on M subordinated
to U, it follows that v := > o, 7™ pyyu is a Poisson connection on E. This follows from the facts
that Y oy pv =1 and 7* f € Casim(E, P) for all f € C°(M). v

Example 2.18 (Coisotropy bundles). Let (A — M,q,[-,-]a) be a transitive Lie algebroid, and let
I := ker(q) be the isotropy bundle. As explained above, the coisotropy bundle E := I* is a Lie-Poisson
bundle, endowed with a fiber-wise linear and vertical Poisson structure P. Consider any subbundle
H C A complementary to I, H ® I = A. We claim that H induces a linear Poisson connection on
(E 5 M, P). Since A is transitive, rank H = rank A — rank I = rank = rank T M, which implies that
qlg : H — TM is an isomorphism of vector bundles. Let h : TM — H be the inverse of ¢q|g. Now,
consider the map

ViTM x I —1,
(u,a) = Vya := [h(u),ala.

Since ¢ is a Lie algebra morphism and ¢(a) = 0, it follows that ¢([h(u),a]la) = 0, so V is well defined.
Furthermore, by the Leibniz rule,

Viwa = [h(fu),a] = [fh(u),a] = flh(u),a] — Ly f - h(u) = f[h(u),a] = fV.a,
Vu(fa) = [h(u), fa] = flh(u),a] + Lq(h(u)) fra=fVya+Lyf-a,

which means that V is a linear connection on I. Furthermore, the dual connection V: TM x E — E
is a Poisson connection on (E = M, P). In fact, for each a € T'(I), consider the linear function
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¢a : B — R given by g,a := a(ar()). Then, for each u € T'(T'M), the horizontal lift horV (u) with
respect to such dual connection is given by

Lhorv(u) Pa = PVyas Ya & F(I)
Now, fix u € TM, a,b € I. By the Jacobi identity of |-, -] 4,
Vula,bla = [h(u),[a,b]a]a = [[A(u),a]a,bla + [a, [h(u),b]a]la = [Vua,bla + [a, Vib]a.

By applying ¢ on both sides and using the fact that P(d ¢a,d¢p) = @[q) ., We get
Lhorv(u) (P(dpq,depyp)) = P(d Lhorv(u) Yasdpp) + P(dpq,d Lhorv(u) ©p)-

Therefore, horV (u) € Poiss(E, P) for all u € I'(T'M), proving that V is a Poisson connection. v

Curvature. Given a Poisson connection  on a Poisson foliation (M,V, P), the curvature RY €
['(A2T*M ® V) takes values in infinitesimal Poisson automorphisms,

RYV(X,Y) e I'(V) N Poiss(M, P), VX,Y € aut(M, V).

To see this, fix X,Y € I'(H7) Nnaut(M,V). Since aut(M,V) N Poiss(M, P) is a Lie algebra, one has
[X,Y] € aut(M,V) N Poiss(M, P). On the other hand, since (Id —v) maps aut(M,V) to I'(H7) N
aut(M,V), one has (Id —v)[X,Y] € T'(HY) Nnaut(M,V) C Poiss(M, P). Therefore, RY(X,Y) can be
expressed as the difference of infinitesimal Poisson automorphisms, as follows:

R'(X,Y)=[X,Y] - (Id—4)[X,Y] € Poiss(M, P).

A more special situation is when the curvature of a Poisson connection takes values in Hamiltonian
vector fields.

Definition 2.19. Let 7y be a Poisson connection on (M,V,P). We say that the curvature R of v is
locally Hamiltonian if there exists a closed 3-form © € T'(A3ST*M) such that

R(X,Y)=—Pliyix O, VX,Y e T(TM).

In this case, we say that R is locally Hamiltonian via ©. If, in addition, © = do for some o €
['(A2V°), then RY is called Hamiltonian, and o is said to be the Hamiltonian form of R7.

Clearly, if the curvature RY of ~ is Hamiltonian, then R” is locally Hamiltonian. In terms of
V-projectable vector fields, the Hamiltonian condition for R” reads

RY(X,Y)=—-P!d(c(X,Y)), VX,Y e T(HY) Naut(M,V),

which is indeed a Hamiltonian vector field.

Example 2.20. Suppose that (A,q,[-,-]4) is a transitive Lie algebroid, and let E = M be the
coisotropy bundle, E := I'*, I := ker(q), endowed with the fiber-wise Lie-Poisson structure P and the
linear Poisson connection V : TM x E — E induced by the choice of some H C A complementary to
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1. We refer to Examples and for details. Let us show that the curvature of V is Hamiltonian.
In fact, first consider o/ € I'(A2T'M ® I) given by

JH(u,v) = [h(u), h(v)]a — hlu,v].

Since q o h = Idryy, it follows that (o (u,v)) = 0, so in fact o' (u,v) € I. Now, consider the
curvature RV € T'(A2TM ® V) of the linear connection V on E. Observe that for u,v € T'(TM) and
acT(I),

LRY (u) Pa = Linor¥ (u)hor¥ (v)] Pa — Lhor¥ju,] Pa
= PV.V.a-VoVua = PVa = Plh(u) () alala— (@) ()alala ~ Plhfwvlala
= Pllh(u),h(v)]a—hluv],ala = PloH (uv),a]
= P(d9on(ue),d@e) = Lprag ¥

This shows that RY (u,v) = Pﬁd¢UH(u7U). In other words, the curvature of V is Hamiltonian. A
similar computation shows that Vol = 0, which means that o is V-covariantly constant. v

Cohomology of Poisson foliations. Associated with a Poisson foliation (M, V), P), there exists an
intrinsic Lie algebroid (V* 10 P#o:*, {-,-}p), where V := TV, 1 : V < TM is the inclusion map, and

{:U’a V}P = LPﬁ,u, V= iPﬁl/ dy H, v:“’a ve F(V*)

Here, dy € Der? ['(A®V™*) is the foliated exterior derivative, and the Lie derivatives are defined by the
standard formula (see Section . The de Rham differential dp : T'(A®V) — T'(A*V) of (V*,10 Pfo
t*,{-,-}p) coincides with the Lichnerowicz-Poisson operator of the Poisson manifold (M, P) restricted
to the algebra of leaf-tangent multivector fields, p := [P, - |. The Lie algebroid cohomology is denoted
by Hp(M,V). The map P! : V* = V is a morphism from the Lie algebroid on V* to (V,¢,[,-]v),
which induces a linear mapping in cohomology (P*)* : H3z (V) — Hp(M, V). If we denote the space
of cocycles of (I'(A*V'),0p) by Z3(M,V), then it is clear that Z}(M,V) = Zp(M) NT'(A*V), which
are the leaf-tangent cocycles of the Poisson manifold (M, P). In particular,

Poissy (M, P)
1 o y 9
Hp(M.V) = Ham(M, P)

is the quotient of the leaf-tangent infinitesimal Poisson automorphisms Poissy (M, P) = T'(V) N
Poiss(M, P) by the Hamiltonian vector fields of P.

2.4 The coupling method on foliated manifolds

Let M be a manifold and consider its Pontryagin bundle TM := TM & T*M. Let also V C TM
be a regular distribution on M and V° := Ann(V) C T*M be its annihilator. Let us also denote
Vi=VoeV°eCTM.

Definition 2.21. A Lagrangian subbundle D C TM is said to be V -coupling if

D@V =TM. (2.6)
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Definition 2.22. A triple (P,v,0) of geometric data on (M,V) consists of a bivector field P €
L'(A2V), a connection form v € T(T*M @ V), and a 2-form o € T(A2V°).

The following result means that the correspondence given in Proposition can be extended from
vector spaces to the category of smooth manifolds.

Proposition 2.23. There exists a correspondence between V -coupling Lagrangian subbundles and
geometric data on (M,V).

Proof. Because of Proposition there exists a point-wise one-to-one correspondence between
V-coupling Lagrangian subbundles and geometric data on (M, V). Furthermore, given geometric data
(P,7,0), it is clear that Dp, » is a (smooth) Lagrangian subbundle. Conversely, given a V-coupling
subbundle D C TM, observe that the distributions H(D,V) C TM and A(D,V) C T*M defined as in
(2.1) and are smooth. Indeed, since projection prys : DN(TM @ V°) — H(D,V) is a pointwise
isomorphism, the distribution DN (T'M @ V°) has constant rank. On the other hand, DN (T'M & V°)
is the orthogonal complement of the smooth subbundle (D +V & {0}) C TM. Since DN (T'M & V°)
has constant rank, so it has (D + V @ {0}). This and the smoothness of (D + V & {0}) implies that
DN (TM & V°) is smooth. Hence, H(D,V) = pry(D N (T'M & V°)) is smooth. In particular, its
annihilator A(D, V) is also smooth. Therefore,

-1
Phlapyvy =pra o (prear: D — AD,V)) 7,
vp =pry : HD,V)&V =V,

1
oblaoyy =premo (pra : D — H(D,V))
are smooth. ]

Now, suppose we are given a foliated manifold (M, V). We have the following result [77, 20, 65 [67]:

Theorem 2.24. There is a one-to-one correspondence between coupling Dirac structures D C TM on
(M,V) and geometric data (P,~y,0) satisfying

[P, P] =0, (X, P)(u,v) =0, RY(X,Y)=—Ptiyixdo, do(X,Y,Z) =0,

for all X,Y,Z € T(H") and p,v € T'(AY). Under this correspondence, D 1is the graph of a Poisson
structure if and only if kero® = V.

The proof of this fact is given in the more general context of Poisson and Dirac structures with
background in Chapter [] (see Theorem [£.21)).

A natural example of coupling Poisson structures are the so-called Vorobiev-Poisson structures
[65, Section 4], [66, Section 6]. These coupling Poisson structures, which arise in the total space of the
coisotropy bundle of a transitive Lie algebroid over a symplectic base, were introduced by Vorobiev
in [77, Section 4]. In fact, one of the applications of this class of Poisson structures is that they arise
as the Hamiltonian setting of the Wong’s equations for a colored particle in a Yang-Mills filed [77],
Example 4.2]. Another application, which is given in the context of the linearization problem, is that
they provide the linear model for Poisson structures around symplectic leaves [(7, Section 5|, [78,
Section 4], [73]. Finally, it can be shown that every transitive Lie algebroid around the zero section is
isomorphic to the restricted Lie algebroid of a Vorobiev-Poisson structure [76].
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Example 2.25 (Vorobiev-Poisson structures). Let (A 58 .q, [,:]4) be a transitive Lie algebroid.
Following Examples [2.14] [2.18] and [2.20] recall that on the coisotropy bundle E := ker(p)* has a
natural structure of a Lie-Poisson bundle (E % S, P). On the other hand, the choice of a subbundle
H C A such that H @ ker(p) = A gives a linear connection V = V¥ : TM x E — E which is Poisson

on (E 5 S, P). Furthermore, the curvature RV of V is Hamiltonian, with Hamiltonian form —poo®,

RY(u,v) = P*d g, ) Vu,v € D(TM). (2.7)

Because of Theorem there exists a coupling Dirac structure Dy on E associated with the linear
geometric data (P, VH, —p o o), depending on the choice of the subbundle H. It is important to
observe that since ¢ o o takes values on linear functions on F, it vanishes along the zero section. In
particular Dy cannot be the graph of a Poisson structure. Now suppose that the base manifold S is
symplectic, with a symplectic structure w € T'(A2T*S). Defining 0¥ := —p oo + m*w, we get that
(P, V1 g“H) defines again some geometric data, and defines a Dirac structure Dy ,. Furthermore,
since w is non-degenerated, there exists a neighborhood U of the zero section in which Dy, is the
graph of a coupling Poisson structure Ilg , € T'(A2TU). v

As described in the previous example, Vorobiev-Poisson structures admit a natural generalization
to Dirac structures. In fact, in the particular case of the Atiyah algebroid of a principal bundle, this
setting is called the classical Yang-Mills-Higgs setup [81, Section 3.

2.5 Coupling neighborhoods of a symplectic leaf

One of the most relevant applications of the coupling method in Poisson geometry is that coupling
Poisson structures serve as the semilocal model for Poisson manifolds around symplectic leaves. In
other words, given an embedded symplectic leaf, there exists a tubular neighborhood of it in which
the Poisson structure is coupling. Let us recall how this fact is achieved.

Let S < M be an embedded symplectic leaf of the Poisson manifold (M,II). By the Tubular
Neighborhood Theorem [43, Appendix 1.6], there exists a tubular neighborhood N 5 S of S in M.
In particular, N is endowed with the foliation V provided by the fibers of the tubular structure of N.
Let us show that the neighborhood N can be shrunk so that the Poisson structure II is coupling on
(N, V).

We begin by showing that the coupling condition holds at S. Since N 5 S is a tubular
neighborhood of S, we have the splitting TS @& TV = TgM. This induces the dual splitting
Ann(TS) ® Ann(TsV) = T¢M, where Ann(T'S) = ker Hﬁs. Then,

TS = H(TEM) = TI*(Ann(T'S) @ Ann(TsV)) = I (Ann(TsV)),

so I*(Ann(TsV)) @ TsV = TS @ TsV = TsM. This proves that the coupling condition holds at S.
By continuity, it follows that the neighborhood N can be shrunk so that the coupling condition holds
on all N.

Definition 2.26. A tubular neighborhood N of the symplectic leaf S of (M,11) is said to be a coupling
neighborhood if the restriction 1|y is a coupling Poisson structure on the fiber bundle w: N — S.

The above discussion means that coupling Poisson structures provide a semilocal model for Poisson
structures around symplectic leaves. Furthermore, we have [78, Prop. 3.1]
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Proposition 2.27. Let (S,w) be an embedded symplectic leaf of a Poisson manifold (M,11). Then,
there exists a coupling neighborhood N of S. Moreover, if (P,~,0) are the associated geometric data
of |, then

rank Pg = 0, Hl =TS, 150 = w.

Parametrization via exponential maps. Observe that the associated geometric data given in
the above proposition are not unique, since they depend on the choice of the exponential map. In
fact, given a coupling neighborhood of an embedded symplectic leaf, its tubular structure depends on
the choice of a exponential map. In particular, the geometric data, which is defined in terms of the
tubular structure, varies if the exponential map is changed.

Let S < M be an embedding and let £ := TsM /TS be the normal bundle of S. Let v : TsM — E
be the canonical quotient map, and let 7 : TgFE — E be the projection along the splitting TgF =
TS @ E.

Definition 2.28. A diffeomorphism onto its image f : E — M is called exponential map over S if
fls =Idg andvodgf =r.

We remark that the existence of tubular neighborhoods follows in fact from the existence of
exponential maps. More precisely, the fiber bundle structure 7 : N — S of a tubular neighborhood is
defined in such a way that f : £ — N is a vector bundle isomorphism. Therefore, it is clear that the
foliation V given by the fibers of N depends on the choice of f, as well as the induced geometric data
of Proposition [2.27]

Let us describe the transformation of the geometric data under the change of the exponential map.
Let i : E — TgFE be the natural inclusion. Consider the pseudogroup Exg(E) C Diff(E) given by

Exg(E) := {(¢,Dom¢) | ¢ € Diff (E), ¢|s = Idg, SDom ¢, 7 odg poi =Idg}.

We first observe that Exg(F) is contained in the connected component of the identity in Diff(F). In
fact, for each ¢ € R, let us denote by p; : E — FE the fiberwise scalar multiplication by ¢. By fixing
¢ € Exg(F), and an open convex subset U C Dom ¢ containing S, one can show that

i=p_topoo:N—E

is a curve of difftomorphisms connecting ¢! = ¢ with ¢° = Idg. Furthermore, one can show
by straighforward computations that the exponential maps are parameterized by the pseudogroup
Exg(E). More precisely,

Lemma 2.29. If f,f' : E — M are exponential maps, then flofc Exgs(E). Conversely, if ¢ €
Exg(E), then f o ¢ is an exponential map.

In terms of this class of diffeomorphisms we can establish the uniqueness of the transverse Poisson
structure of a symplectic leaf [78, Theorem 3.2, Theorem 3.4]:

Theorem 2.30 (Geometric Data). Let (S,w) be a symplectic leaf of a Poisson manifold (M,1I),
and let £.f : E — M be exponential maps over S. Let (P,vy,0) and (ﬁﬁ,&) be the geometric data
associated with £*11, and £*II on E. Then, there exist g € Exg(E) preserving the fibers of E, and
Q € T'(V°) such that

¢ P=P, v - g7 = PHdQ)’, g7 =0—(d],Q+3{QAQ}p).
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Introduction to Part 11

This part is devoted to provide a general scheme for the computation of the cohomology of Poisson
and Dirac structures near presymplectic leaves.

The relationship between bigraded cochain complexes and the computation of Poisson cohomology
in neighborhoods of symplectic leaves has been observed since long ago. In fact, in [74], Karasev and
Vorobiev gave the first steps in a semilocal description of Poisson cohomology in terms of bigraded
operators. Later on, by means of the coupling method, Crainic and Fernandes showed the existence
of a cochain complex isomorphism between the Lichnerowicz-Poisson complex near a symplectic leaf
and a bigraded cochain complex [15, Prop. 5.3]. This fact also holds for Dirac structures, as shown by
Marcut, in [50, Prop. 4.2.8]. In fact, recall form Chapter [2[ that coupling structures on a fiber bundle
E — S are described by triples (P,7,0) of geometric data, consisting of a vertical bivector field P,
an Ehresmann connection 7, and a horizontal 2-form ¢ satisfying some structure equations. Then,
one can associate to (P,~,0) some linear bigraded operators 85 1,970,095 1 on a certain bigraded
space ¥'** defined in terms of the base S and the fibration on E. The coboundary condition for the
total operator Op, , = 65 1 + 91+ 95 _; turns out to be equivalent to the structure equations for
(P,v,0). Furthermore, the result{ng bigraded cochain complex is isomorphic to the cochain complex
of the Lie algebroid of the coupling structure. In other words, (¥**,0p, ) is a bigraded model for
the description of the cohomology of coupling Poisson and Dirac structures, in which the differential
operator admits a bigraded decomposition of the form

OPy,0 = 90,1 + 91,0 +O2,_1.

The fact that the cohomology can be modelled by a bigraded complex of the above bigraded type is
not exclusive of coupling Poisson and Dirac structures. In fact, one of the first examples in geometry
leading to this class of complexes are foliated manifolds. In [6I], Vaisman explains in detail that
the de Rham complex (I'(A*T*M),d) of a foliated manifold (M, F) endowed with a complementary
distribution H is bigraded, and the de Rham differential is the sum of three operators of bigraded
types (0,1), (1,0), and (2,-1), d = dg,l“‘dio‘}'dg,—l- Here, v = ! is the Ehresmann connection
associated with H.

Another example in which a cochain complex with a bigrading arises is the case of regular Poisson
manifolds. In [74], Karasev and Vorobiev provided a recursive procedure to compute the cohomology
of a Poisson manifold (M, II) in which its symplectic foliation is a fibration. This procedure is based
in the fact that the choice of an Ehresmann connection on the fibration leads to a bigrading of the
Lichnerowicz-Poisson complex (I'(A*T*M),0r) such that the differential is the sum of two operators
of bigraded types (1,0) and (2, —1), O = (An)1,0 + (S1)2,—1. Furthermore, Vaisman explains in [62]
that this property holds for any regular Poisson manifold endowed with a complementary distribution
to the symplectic foliatiorﬂ

'The bigraded type of the operators in [62] are (0,1) and (—1,2), but this apparent discrepancy is simply due to a
difference on the bidegree convention.
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Transitive Lie algebroids also provide examples of cochain complexes endowed with a bigrading.
In fact, given a transitive Lie algebroid (A — M,q, [, ]a) with isotropy bundle I := ker(q), there
exists a short exact sequence of Lie algebroids over M, given by

0— 1< A—»TM —0.

The choice of some h : TM — A with g o h = Idyjs induces a bigrading of the de Rham complex
(I'(A®A*),04) so that 94 = (94)o1 + (Qa)1,0 + (Qa)2,—1. In [33], Itskov, Karasev, and Vorobiev
present several cohomological results on the cohomology of the transitive Lie algebroids obtained by
the restriction of the Lie algebroid to a leaf of the characteristic foliation.

The case of a transitive Lie algebroid can be described as a particular case of an extension of Lie
algebroids. Given two Lie algebroids £ — M and A — N, we say that E is an extension of A if we
have a Lie algebroid epimorphism 7 : £ — A covering a submersion base map p : M — N. The kernel
V := ker(m) is an involutive subbundle of E, so inherits a Lie algebroid structure such that

0V s ESASO

is a short exact sequence of Lie algebroids. This is described in detail by Brahic in [7]. Furthermore,
it is shown that the choice of a map h : A — F such that m o h = Idg also induces a bigrading of the
de Rham complex of A, just as in the case of a transitive Lie algebroid. Furthermore, Brahic provides
a bigraded model for the cochomology of a Lie algebroid extension.

These facts are indeed a motivation for the results presented in this part. Indeed, we consider
an abstract bigraded cochain complex (C**®,9) such that @ = 9y + 910 + 92,—1, and describe its
cohomology in terms only of the bigrading. In particular, we present explicit computations for the
cohomology in degree 1, 2 and 3 (see Section . We also provide the following general setting in
which all of the previous geometric examples fit: Suppose we are given a Lie algebroid (E,q, [, |g)
endowed with a fixed involutive subbundle V' C E. Then, it is straightforward to verify that the
choice of a complementary subbundle H C E, H @V = E gives a bigrading of the de Rham complex
(I'(A*E*,9) such that @ =g 1 + A1, + O2,—1. Furthermore, the exterior algebra I'(A**(V° & V*)) is
a bigraded model, in which the bigrading and the operator of bidegree (0,1) is independent of H, and
is associated with the de Rham differential of the Lie subalgebroid V' C E. The operator a{{o is a sort

of covariant exterior derivative, and 65{_1 only depends on the curvature of H.

Another of the results in this part is to show that the cohomology of coupling twisted Poisson and
Dirac structures on foliated manifolds can be also described in terms of a bigraded cochain complex.
To this end in Section [.3] we extend the coupling method to twisted Poisson and Dirac structures on
foliated manifolds. To this end, we based on the algebraic description of the coupling method given in
Chapter [2] and some computations with the Dorfman bracket. Finally, by means of some Vinogadov
calculus we propose a bigraded cohomological model which allows us to describe the cochain complex
associated with coupling twisted Poisson and Dirac structures. This bigraded model is based on the
one constructed in [50, Subsection 4.2] for the case of coupling structures on fiber bundles.



Chapter 3

The Cohomology of a Bigraded Cochain Complex

This chapter is devoted to the study of the cohomology of a special class of bigraded cochain complexes.
For several examples of this clss of cochain complexes arising from geometric structures see [6, [7 [8,
20, 46, [47, [74], [75], 611, [62].

We begin in Section by setting the algebraic framework in which this study is developed, and
present a few steps in the direction of establish our main results. In Section [3.2] we introduce some of
the objects which allows us to describe the cohomology of bigraded complexes. Section is devoted
to present our results in a recursive perspective, which is useful to describe particular cohomology
classes. In Section we give a more detailed description of the cohomology in degree 1, 2, and 3.
Finally, Section[3.5|is devoted to the description of the cochomology of some special classes of bigraded
complexes which are common in the literature.

3.1 Bigraded cochain complexes and its cohomology

Notations and conventions. Recall that a cochain complex is a pair (C*,9) consisting of a graded
(Z-graded) R-linear space C* = @, C* and an R-linear operator d € Endg(C) on C of degree 1 such
that 0% = 0.

Suppose that, in addition, C is a bigraded (Z2-graded) linear space such that the bigrading is
compatible with the original Z-grading in the following sense:

ckt= & cre Vk € Z. (3.1)
p+q=k

We also assume that CP? = {0} whenever p or ¢ is negative. Moreover, suppose that the coboundary
operator O splits in the sum of three bigraded operators with respect to the bigrading (3.1)),

o= 62’_1 -+ 6170 + 6071, (32)

where &; ;(CP7) C CPTH41 for (i, j) € {(2,—1),(1,0),(0,1)}. The right-hand side of (3.2) is called the
bigraded decomposition of O.
In terms of the decomposition (3.2)), the coboundary condition 3% = 0 reads

%1 =0,

03,-101,0 + O1,002,—1 = 0,
02,-190,1 +90,102,—1 + 8?,0 =0,
91,090,1 + 90,191,0 = 0,

3, =0.

~~ o~ o~ o~
N O Ot = W
S~ N N N

o1



52 3. THE COHOMOLOGY OF A BIGRADED COCHAIN COMPLEX

Here, the left-hand sides of equations - are the bigraded components of 3%, In particular,
implies that (CP®*,9p,1) is a cochain complex for each p € Z. For any cochain complex, we use
the notation Z°®, B®, and H*® to indicate the linear spaces of cocycles, coboundaries, and cohomology,
respectively.

Spectral sequence. Consider the decreasing filtration F' of C given by

Fre = P ci.
1,JEL
i>p
For every subspace S C C, denote FPS := FPCNS. In particular, FPCF = 6912]2 Chk=%_ Moreover, since
C** lies in the first quadrant, we have FOC¥ = C¥ and F¥*!Ck = {0}, so the filtration is bounded.
Furthermore, it follows from the bigraded decomposition (3.2)) that O(FPC) C FPC for all p € Z.
Hence, the triple (C*, 9, F) is a graded filtered complex.
Let (E>°,d,) be the spectral sequence associated with (C®,d, F), that is, for each p,q,7 € Z,
q . ZP9yppilceta
qu = W [21, Eq (246)], where

ZP4 .= FPeptan o (FPrrerta), BP9, .= FPCPTan o(FPrHicrta),

the sums ZF? + FPYICPT4 and B + FPTICPTY are as R-vector subspaces of C®, and d, : EF? —
EPTTIT g induced by the restriction of @ to Z?. In particular, E5? = % =~ (CP4 5o (BEr®,dy)

is a first quadrant spectral sequence. Therefore, EX? = EEf for all N > max{p + 1, ¢ + 2}, where

gpa . Z7T(C,0) N FrPCPT 4 Friicrt
00 = Brt4(C,0) N FrCr+a + Fr+icp+q’

Since the filtration F' is bounded, the spectral sequence converges to the cohomology of (C*,9).
Furthermore, taking into account that (C®,9) is an R-vector space, we get the following splitting for
the k-th cohomology of (C*,9):

H*(C,9)= P ER. (3.8)
pt+q=k

In what follows, we give a more explicit description of the summands in the splitting (3.8). For

each q € Z, define GIC := @ jez C%, and consider the projection
Jj=q

g :C* = GIC
along the splitting induced by the bigrading. In particular, 7, = Id¢ if ¢ < 0. For simplicity, we use
the same notation for the restriction of m,; to any subspace of C.

mq(ZF(C,8))NCP:a
mq(Bk(C,0))NCP-a *

Proof. Consider the projection pr,, : C — CP along the splitting (3.1). Observe that, for each
subspace S C C*, we have

Lemma 3.1. For each p,q € Z such that p + q = k, we have E5! =

SnFrek + PPk = pr, (SN FPCR) & FPHCE.
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On the other hand, it is straightforward to verify that every element of pr, ,(S N F PCF) is of the form
Yp,q> for some y € S with bigraded decomposition y = ZDP Yik—i- Thus,

pr, (S N FPCF) = m,(S) neP.
Setting S = Z*(C,9) and S = B*(C,9), we get

Zk(C,d) n FrCk 4 FrHick  pr, (ZF(C,8) N FrCF) ¢ FrHick
BF(C,®) N FPCF 4 FPick ~ pr (BF(C,d) N FPCk) @ Frick
(rq(Z¥(C,d)) NCPa) @ FrHick  m (ZF(C,d)) N cPa
~ (my(B¥(C,d)) nCra) @ FrHICk — my(BR(C,d)) NCpa

P9
EY =

Splittings for cocycles and coboundaries. We now derive similar splittings for the spaces of
k-cocycles and k-coboundaries. Observe that for each subspace S C C*, we have a family of short
exact sequences, given by

0= () NCP s 1, (S) ™3 1,01(S) =0, 0<qg<k—1, (3.9)
where p := k — ¢. In the case of cocycles and coboundaries, we get the following result.

Proposition 3.2. For each p,q € Z, with p+ q = k, we have the following commutative diagram with
exact rows and columns which all describe the spaces of k-coboundaries B*(C,d), k-cocycles Z*(C,9),
and k-cohomology H*(C,9):

| | !

0 — m,(B(C,8)) N CPI—> 1, (BH(C, D)) "'y 1 (BH(C,3)) — 0

¢ | ¢

0 mq(Z*(C.8))nCP1 7q(27(C,9)) mq+1(2%(C.9)) 0
mq(B*(C,0))NCP4 7q(B*(C,9)) Tq+1(B*(C,9))
| |
0 0 0

Here, the mappings from the second to the third row are the canonical projections, and the maps
Ty (2% (C,0))nCP4 m(Z"(C,9)) and m(Z*(C,9)) mg+1(Z"(C,9))
mq(B*(C,0))NCP4 mq(B*(C,0)) mq(B*(C,9)) mq+1(B¥(C,9))
2 x 2 blocks commute.

are defined in such a way that the lower

Proof of Proposition[3.2 The upper 2 x 2 diagrams are clearly commutative because the arrows —
are natural inclusions, and the arrows with a m;11 are the restriction of the same mapping. On the
other hand, the exactness of the first row is obtained from by setting S := B*(C,d). Similarly,
the exactness of the second row follows from setting S := Z¥(C,d) in (3-9). Moreover, each column
is exact by definition. Finally, the exactness of the last row follows from the commutativity and the
exactness of the rest of the diagram. [ ]
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Corollary 3.3. The coboundary, cocycle, and cohomology spaces of degree k admit the following
splittings:

BMC,9)= @ m(BFC.o)nert,  zFC,0)= P m(ZMC,9)ner, and
pta=Fk ptq=k

& ~ wq(Z*(C,9))NCP1
HY(C.9)= P THirconer

p+Hq=k

Note that the splitting for H¥(C,d) in Corollary [3.3| coincides with (3.8) under Lemma

Remark 3.4. FEwvery result of this part is valid if the bigraded decomposition of @ has the more
general form O = 3 (O 1—r. Moreover, Lemma and Proposition still hold if (C*,Q) is a
cochain complex over a ring, while the non-canonical splittings in and in Comllary only hold
in the vector spaces category.

Otherwise stated, we assume in what follows that (C®,9) is a cochain complex over a ring R. In
the cases when we require that the ring of scalars is a field, this condition will be explicitly indicated.
3.2 Describing the cohomology

In this Section, we introduce some useful objects which allow us to improve our description of the
splittings in Corollary and the diagram of Proposition

The null subcomplexes. For simplicity, for each p, q, k € Z we denote
ker®(d; ;) := ker(d;; : C* — CF), and ker?4(d; ;) = ker(d; ; : CP1 — CPTH11),
for all (4,5) € {(0,1),(1,0),(2,—1)}. Let us denote
N :=ker(d;:C —C)Nker(dy_1:C —C),

NF = ker®(9p 1) Nker®(dg, 1), NP9 := kerP?(dp 1) Nker?4(dg, 1), and N, := @D,z NP~49. Since
Ao, and Oy 1 are bigraded operators, we have N' = @, ., N* and N* = D, g=x NP9. Moreover,

Lemma 3.5. The graded R-module N is a cochain subcomplez of (C,0). Moreover, for each q € 7Z,
Ny is also a cochain subcomplex of (C,9).

Proof. Since N' = D5 Ny, it suffices to show that each N is a cochain subcomplex of (C,9). By
definition, dp 1 and Az _; vanish on N;. Thus,

JNP~TY) = ) ((NP~99) C dy (CP~49) C crtl)—aq.

To complete the proof, we just need to verify that 1 o(N) C N. Fix n € N. Then, d2 _1n = 0 and
9p,1m = 0. By applying equations (3.4) and (3.6)),

92,-1(31,0n) = —01,092,—1m = 0, and 90,1(31,0m) = —91,000,1m = 0,

proving that 91 on € N. Thus, O(N,) C N, as claimed. [ |
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We denote by O := | the coboundary operator on N. We use the same notation for any of the
cochain subcomplexes N;. The cochain complexes (N, 5) and (./\/'q,é) are called the null subcomplexes
of (C,d). Finally, recall that C»? = {0} whenever p or g is negative. In particular, C*° C ker(dq _1).
Therefore, Ny = ker(dp;1 : C*0 — C*!). In other words, for ¢ = 0, the restriction of d to the
9p,1-cocycles of bidegree (p,0) gives the null subcomplex Nj.

Pre-coboundaries and pre-cocycles. Recall that the terms appearing in the upper row of the
diagrams of Proposition are of the form 7, (B*(C,d)) or my(B*(C,d)) N CP4, whose elements are
obtained by projecting a k-coboundary under 7, : C — G9C. We call the elements of m,(B*(C,9))
pre-coboundaries, and the elements of 7w, (B*(C,9)) NCP4, homogeneous pre-coboundaries. In a similar
fashion, we call the elements of m,(Z*(C,9)) pre-cocycles, and the elements of m,(Z°(C,9)) N CP4,
homogeneous pre-cocycles.

In this part, we give a detailed description of the R-module of pre-cocycles. In fact, although a
pre-cocycle is defined as the projection of a cocycle, we describe a bigger R-module containing the
cocycles such that the projection of its elements is again a pre-cocycle. In this sense, we have found
some degrees of freedom in the construction of pre-cocycles.

Observe that n € C! is a 1-cocycle if and only if

92,-11M0,1 +9O1,0m1,0 = 0, 91,0m0,1 + 90,1M1,0 = 0, 9p,1m0,1 = 0.

The left-hand sides of each equation correspond to the bigraded components of dn. Similarly, n € C?
is a 2-cocycle if and only if

Og2,—1M1,1 +O1,0m2,0 = 0, 92 —1Mo,2 + A1,0M1,1 + S0,112,0 = 0,
O1,0m0,2 + 0,1m1,1 =0, 9o,1M0,2 = 0.

In general, for each n € C* with bigraded components Npq € CP? (p+q = k), the bigraded components
of dn are

(On)i,j = B0,1Mij—1 + O1,0mi—1,j + O2,-1Mi-2,j+1, i+j=k+1
Let us consider the graded R-modules
M:={neC|dmecBWN,d)}, (3.10)
and
ME = {nect|(@n); e BN, 0), i+j=k+1}.
Then, M* =@, ., MP¥. Moreover, it is clear that Z(C,d) C M. Now, for each ¢ € Z, define
Zy = {my(n) | n € M, and wy(dn) =0}, and  Z§ := {my(n) [ n € M, and 7,(3n) = 0}.
In other words, the elements of Z, C GYC are of the form m,(n), for some 7 € C satisfying

{0} if j=>gq,

90,175 j—1 + O1,0Mi—1,; +O2,—1Mi—2,j+1 € -
AT, 07i—1,5 —17Mi—2,5+ B(/\/j,a) it j<q

Note that 27 = Dicz Zé“ . Furthermore, we claim that Z, is precisely the R-module of pre-cocycles
in G9C.
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Proposition 3.6. For each q € Z, we have 14,(Z(C,9)) = Z,. In particular, £ € CP9 is a pre-cocycle
if and only if O1€ = 0 and there exist n € FPMPYY such that npq = &, and O1,07p.q +0,1Mp+1,g—1 = 0.

Proof. The inclusion 74(Z(C,9)) C Z, simply follows from the already mentioned fact Z(C,9) C M.
Conversely, pick £ € Zf;, of the form £ = ijq §'j,' where §; € CF=33. Then, there exists n € M* such
that m,(n) = ¢ and 7,(dn) = 0. Let n; € C*9J be the bigraded components of n. The condition
n € M¥ implies that for each j < ¢ there exists 77} € N*737 such that

30,171 + 1,075 + V217541 = 1,07,
Finally, set § =n-— Z]q 17] Since 9y 177] =0 and 9, _177] = 0, it is straightforward to verify that
O¢ = 0. Furthermore, wq(g) ¢, which proves that & € m,(Z*(C,9)). [ |

For each ¢,k € Z denote by Bk = my(B*(C,9)) the R-module of pre-coboundaries. As a
consequence, of Propositions [3.2] and [3.6 . we have:

Theorem 3.7. For each p,q € Z with p + q = k, we have the following commutative diagrams with
exact rows and columns describing the coboundary, cocycle, and cohomology of (C**®,0):

0 0 0
k ) k Tatt
0— B, FWJC}”A’C—>BJ »qul —0
0— zZkneracs gk gk o,
o Zner b mazh,
BENCP-a Bk B,
0 0 0
Corollary 3.8. In the case when R is a field, we get the following splittings:
. . . Zhncra
0) = @ Byner, Z°(C,0) = @ 2, Ner, @ Bk nera’
p+a=k pt+a=k p+a=k

3.3 The recursive point of view

Before going further in the description of the diagrams appearing in Theorem in the low-degree
case, let us interpret this result from a recursive point of view. This perspective is particularly useful
when we are interested in understanding an specific cohomology class of (C,9).

Recall from Theorem [3.7] - 7| that the cocycles, coboundaries, and cohomology of (C,9) is described

k
by a family of diagrams, one for each ¢ = 0,1,...,k. By denoting Hy? := %, ’q“ = ik’ and
q

p = k — q, the bottom row of the ¢-th diagram is

— S ¥ L p— ) (3.11)
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Now, pick some n € Z¥(C,d), with bigraded decomposition

n= Z Mij = Mok + Mk—1+ -+ Nk0-
i+j=k

Since H¥(C,d) = Hf, we have [] € HE. Denote [n]o := [n], and for each ¢ = 1,...,k, recursively
define [n]q € HE by [y := 7[n]q—1. It is clear that [n], is well defined for each ¢. Explicitly, we have
k1 =0, [0k = mox + BY, and in general

g = Z Mk—j.j +B§-
i+j=k
Jj2q

In what follows, let us describe the obstructions for the vanishing of the cohomology class [n] €
H*(C,9). By the relation [n],+1 = T4+1[n]g, a necessary condition for ], = 0 is that [n],+1 = 0.
Conversely, if [n];+1 = 0, then the exactness of implies that [n], = npq + B N CPY, where
Npg € Zf N CP4. So, under the vanishing of [n]411, the class [, 4] € H5? is well defined, and the
property [n], = 0 is equivalent to the vanishing of [, 4].

To get more insight in the previous facts, let us describe them in an explicit fashion. Consider the
bigraded decomposition 1 = Zi—l—j:k ;. Clearly, mpn = 1ok, so [k = [Nk € ’H%k. Now, suppose
that [nox] = 0. Then, there exists ' = 96 € B¥(C,0) such that nyx = Mok Since [n] = [n — '],
the representative n — n’ is such that the component of bidegree (0, k) vanishes. So, without loss of
generality, we may assume that 1, = 0. Then, [n|x—1 = M1 x-1] € H,lc’fl_l. Assuming that [ x—1] = 0,
there exists 7 = ¢’ such that my_17" = m1 -1 (so, in particular, 77, = 0). The difference n — 7" is
a representative of [n] such that the components of bidegree (0,k) and (1,k — 1) vanish, so we may
assume that 7,11 = 0. Thus, [n]r—2 = [N2,4—2] € ”H,lg’fl_l, and so on.

In summary, the short exact sequences given by the bottom diagrams can be described in the
following way. Given [] € H*(C, ), an obstruction to [n] = 0 is the cohomology class [ ] € Hz’k. If
[M0,x] = 0, then the class [n; y—1] € H,lg’fl_l is well defined, and is a new obstruction to the vanishing of

[n]. If in addition [ x—1] = 0, then [y 5_2] € Hif;z is well defined and is a new obstruction to the
vanishing of [n]. On every stage, under the vanishing of [, ,] € H5?, the class [p41,4-1] € HZJ_F% -1
is well defined, independent of the choice of the representative 7, and is an obstruction to [n] = 0. In

the last stage, our cohomology class is of the form [n] = [ng o] € ’H]OC’O.

Low degree. Given n € Z¥(C,9), it is important to remark that [, ] € H5? is well defined only in
the case when [n,_1 4+1] € Hgli’qﬂ also is well defined and vanishes, [1,-14+1] = 0. As explained in
the previous paragraphs, the vanishing of a cohomology class of degree k is controlled by a sequence
of (k+1) “simpler” cohomology classes, and each of them is obtained by projecting into the bigraded
components of the original one, as long as the previous cohomology class vanishes. Let us illustrate
this in some low-degree cases.

If K = 1, then the cohomology is described by only one short exact sequence,

0 HHO HY(C,0) e 1! 0.

In this case, the vanishing of a cohomology class [] € H'(C, ) is controlled by at most two cohomology
classes. In fact, a necessary condition for [n] = 0 is that 1] € H?’l vanishes. Conversely, under
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[M0,1] = 0, the cohomology class [n;0] € Hé’o is well-defined and satisfies [] = [n10], due to the
exactness of the sequence. Thus, if [1o,1] = 0, then the vanishing of [n] is equivalent to [ 0] = 0.
For k = 2, the cohomology is described by means of two short exact sequences, namely

0 12O~ g2(C,3) T W2 —— 0, 0 YRR ) 0.

In this case, the vanishing of [n] € H?(C,d) is controlled by at most three cohomology classes. A
necessary condition is [92] = 0. Under this condition, the cohomology class [n11] € Hp" is well
defined and satisfies [11 1] = []1, due to the exactness of the second sequence. In this case, a necessary
condition for the vanishing of [n] is [1,1] = 0. Under this condition, the cohomology class [20] € 7—[(2)’0
is well defined and satisfies [20] = [n], due to the exactness of the first sequence. Hence, if [y 2] =0
and [n1,1] = 0, then the vanishing of [n] is equivalent to [n20] = 0.

3.4 Cohomology in low degree

In this section, we describe the diagrams of Theorem for the cases k = 1,2,3 in more detail.
Following the notation of Section observe that the homogeneous pre-cocycles of bidegree (k,0)
are just the k-cocycles in (Ny,9),

Z(])C N Ck’o = {77 € Ck’o ‘ 61707’] = 0,607177 = 0} = Zk(No,é) (312)

On the other hand, the homogeneous pre-coboundaries of bidegree (0,k) are precisely the
k-coboundaries of the complex (C%*,9 1),

By N = B¥(C%*,00,1). (3.13)

We now refine our description of the R-module Zf of pre-cocycles for ¢ = 1.

The mappings p : A — H(N,9) and o : J — H(N,d). For each k € Z, consider the linear
modules A* and J* , where

A = {7 (n) | n e Ck, m () =0}, and JF := AF ncF-LL (3.14)

Explicitly, ¢ € G1C* lies in A* if and only if 72(0¢) = 0 and there exists n € C*Y such that dg 17 +
01,08k—1,1 +92,-1&k—22 = 0. In particular, { € CF=11 lies in J* if and only if 9g 1§ = 0 and there
exists 7 € C*Y such that 9y 17 + I1,0& = 0.

Lemma 3.9. For each n € C* such that 71 (3n) = 0, one has pry,,1(dn) € Z¥H(Np, D).

Proof. One must show that pry ((9n) € kerd; 9 Nkerdg ;. First note that
Pryt1,0(OM) = A2 —17Mk—1,1 + O1,07k,0-
By applying (3.5) and (3.6),

90,1(PT%+1,0(0M)) = 30,192, -1Mk—1,1 + S0,101,07k.0
= —aioﬁk—m - a2,7150,17%—1,1 - a1,05(3,177k,o~ (3-15)
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The condition 71(dn) = 0 implies that pry (A1) = So17Mk,0 + 1,0Mk—1,1 + O2,—1Mk—22 = 0 which,
together with (3.15)), leads to

90,1(Prs41,0(9M)) = G0,1(Pri41,0(9M)) + S1,0(Pry 1(9M))
= —02,-190,1Mk—1,1 + O1,092,—1Mk—2,2- (3.16)

Now, from , we get
90,1(Prg+1,0(0n)) = —92,-100,17Mk—1,1 — 92,-101,0Mk—2,2- (3.17)
Again, from (1) = 0 we get pry_; () = Ao 17Mk—1,1 +O1,0Mk—2,2 + 92, 17Mk—33 = 0. By ,
30,1 (Pri11,0(9m)) = 0,1 (Pry11,0(3N)) + B2 —1(Pry_12(3)) = B3 _ 1 Mh—3.3-

Therefore, A1(pry11,0()) = 0, due to (3.3). In a similar fashion, by applying (3.4) and (3.5) we
obtain

O1,0(Pry41,0(0n)) = —02,-101,0Mk—1,1 — 90,102,—17k,0 — 92,~10,17k.0-

Note that 9 1710 = 0, due to its negative bidegree. Taking into account that pry ;(39n) = Ao 17k,0 +
O1,0Mk—1,1 + O2,—17Mk—2,2 = 0, we get

81,0(prk+1,0(an)) = 53,71771@—2,27
which is zero because of (3.3)). [ |

Now, by definition, for each ¢ € A* there exist € C* such that mn = ¢ and 7(d) = 0. By
Lemma [3.9] 7 induces a cohomology class

(@9, —17k_1.1 + O1.0mk0] € HF (NG, D).

We claim that the cohomology class only depends on &, that is, it is independent of the choice of 7.
Indeed, pick another 7j € C* such that 77 = ¢ and 71 (%) = 0. Since nx_11 = Tk—1,1 = Ek—1.1, We get

(92,-1Mk—-1,1 + O1,07k,0) — (D2,-17Mk—1,1 + S1,0Mk,0) = O1,0(7k,0 — Mk,0)-
To see that 7 and 77 induce the same cohomology class, we just need to check that 7,0 — nr0 € No.
From 71(9n) = 0 and 71(37) = 0 we get that Ay 11 + 3p,1&k,0 = 0 and Ig,17 + Ap,1&k,0 = 0. Therefore,

Mk,0 — M0 € ker®? A1 =N k0. Hence, the cohomology class is well defined.
This can be summarized in the following fact.

Lemma 3.10. There exists a well-defined linear map py, : A¥ — H*1(Np, ) given by
P (§) = [92,-18k—1,1 + O1,0Mk,0];

where n € C* is such that min = & and () = 0. Moreover, we have the identity ZF = ker(py).
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Proof. The fact that pg(§) is well defined follows from our previous discussion, in which we have
explained that [92 _1&,_1,1 + O1,0Mk,0] only depends of . Moreover, the linearity of pj follows from
the linearity of 9y _1, 919, and 7. So, it is left to show that ker(py) = ZF. Recall that, by definition,
the elements of ZF are of the form 7 (1), where Og, _17k_1.1 + O1,0Mk0 € BF1(Np,9), and 71 (dn) = 0.
Therefore,

ker(pk) = {7T1(77) ‘ ne Ck, st (an) =0, and 62’_117]67171 + 61’077;6,0 S Bk+1(f\/0,5)} = Z{c
|

For each k € Z>¢, define g5, : J¥ — H*T1 (N, d) by the restriction gy := py|7x. As a consequence
of Lemma [3.10] we have

ker(g) = ZF nck=1bL,

Refining the splittings for the low-degree cohomology. By applying Theorem [3.7], we describe
the first, second, and third cohomology of the bigraded cochain complex (C,9) in terms of the cochain
complexes (CP*,3p1), (Ny,9), and the mappings p : A — H(N,9) and ¢ : J — H(N,9) given in
Lemmas [3.5] and B.10l

First cohomology. Here we state our main result on the first cohomology of (C,d).

Theorem 3.11. We have the following commutative diagram with exact rows and columns,

0 0 0

0 — B'(Np,0)—— BY(C,d) —= B'(C**,3p1) — 0

0 — ZY(Np, d)— Z1(C,d) —— ker(p;) — 0.

0— Hl(jlfo,a) . H'(C,d) Blfgﬁffgm) 0
0 0 0

Observe that this result on the first cohomology of (C,9) involves the map p; : Al — H%*(Ny,9),
which is related to the second cohomology of (Np,9).

Proof of Theorem[3.11 The fact that the diagram of Theorem [3.11] coincides with the one given in
Theorem for k = 1 follows from equations (3.12]) and (3.13)), the definition of gi, and from Lemma
We also need the following identity,

BinC = {310f | do1f =0, f € C’} = BY(N,9).
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Corollary 3.12. In the case when R is a field, the coboundary, cocycle, and cohomology spaces of
degree 1 admit the following splittings as vector spaces:

Bl(c,a) = BI(N075) 2] 31(607.a80,1)¢ Zl(cva) = ZI(N0¢5) 2] ker(pl)a

ker(p1)

1 ~ 1 3 AR
H'(C.8) 2 H'(N0,8)® Framy g

Explicitly,

BY(No,9) = {010f | f €C™, 301 f = 0},
BY(C%*,80,1) = {01 f | f€C™Y,
Al ={Y €C% | 901Y =0, Jay € C0: 3y ay + 31 ,0Y = 0},
Z1(Np,9) = {a e ™ | &y 10 = 0,01 o = 0},
ker(p) = {Y € A' | 9y, 1Y + 3100y € BY(Ny,9)}.

Second cohomology. Similarly, the R-modules of cocycles, coboundaries, and cohomology of degree
2 of the bigraded cochain complex (C,d) are described by the following more explicit diagrams.

Theorem 3.13. We have the following commutative diagrams with exact rows and columns,
| |
0— B%(C,9)NC?*%“~ B%*(,0) —=B?——=0 0—=BINnCH—=B2 —~

]

0 — Z2(Np, d)—— Z2(C,d) I>ker(ps) — 0, 0 —= ker(g2)—— ker(pg) —=
Z2(Np, @ \L ker ker ker Z2
0— prcaper —= H*(C,0) — M) — 00— gty — "5 — gty — 0
J | | | | |
0 0 0 0 0 0

Observe that this result on the second cohomology of (C, d) involves the maps pa : A* — H? (N, Q)
and oo : J? — H3(Np,d), related to the third cohomology of (Np,d). Also, the submodule Z3 s
related to the 3-coboundaries of (N7, 9).

Corollary 3.14. In the case when R is a field, the coboundary, cocycle, and cohomology spaces of
degree 2 admit the following splittings as vector spaces:

B2(C,8) = (B(C,8) NC2%) @ (B N ™) © BA(C**, 30.4),
ZQ(Caa) = Z2(N075) @ ker(QQ) D 2227

Z2(No,9) ker(o2) zZ2
B%(C,0)NC20 " BINnCh! T B2(C%*,90,1)

H*(C,0)

1%
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In a more explicit fashion, the modules appearing in Theorem are

B*(C,0)NC* = {3190+ 1V |acC Y € dp1a+310Y = 0,0,V =0},

BincCY! = {310Y + 10| aecC Y €C™ 9,1V =0},

B%(C™,3p1) = {001V | Y € ™},
J?={Q e C"301Q =0,3Bg € C*" : 3y18¢ + 31,0Q = 0},
Z3(Np,9) = {8 €C*° | 3108 =0,318 = 0},
ker(o2) = {Q € J* | 32,-1Q + d108¢g € B*(N,9)},
9,1Q + 910V =0,
Zi=({Veke®dy; |IQ e, BeC*:018+310Q +_1V € B*N,9),
A108+921Q € B3(N,9).

Third cohomology. Finally, the following result gives a more explicit presentation of the R-modules
involved in the description of coboundaries, cocycles, and cohomology of degree 3.

Theorem 3.15. We have the following commutative diagrams with exact rows and columns,

0 0 0
! ! !
0— B3(C, aﬁ N3O~ 33(? ) = Bf 0
0 — Z3(Np, d)——= Z3(C,d) > ker(ps) —= 0,
d l |
0 BB‘Z(Z(’-/(B\/)’%?LO HS(C, a) kel;g(:fp?)) 0
| | |
0 0 0
0 0 0
i ! i
0— B3 NC2ic B} -8B —0
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0 0 0

i i i

0— B3 NCh2C— B3 "% B3(C%*,3p,) — 0

"

0— Z3NnCh?— Z3 z3 0.

i i !

3

0 B3NCY? z 23 0
ngcl,Q Bg B3(CO*'780,1)
0 0 0

We note that this result on the third cohomology of (C,9) involves the maps p3 : A* — H*(N, 9)
and o3 : J° — H*(Np,0), related to  the fourth cohomology of (Np,d). Also, the submodule Z3is
related to the 4-coboundaries of (N7, 9).

Corollary 3.16. In the case when R is a field, the coboundary, cocycle, and cohomology spaces of
degree 3 admit the following splittings as vector spaces:

B*(C,0) = (B*C,9)nc*) @ (Binc*h) @ (B3 nch?) @ B*(C%*,00.1),
2%(,3) = Z%(Ny, 8) & ker(es) ® (25 N C"2) @ 23,

Z3(No,9) ker(os) _ Z3ncCh? z3
B3(C,o)NC30 7 BINC2 T BINCh2 T B3(C%*,90,41)

Each of the terms appearing in the splittings of Corollary are given as follows:

90,18+ A1,0Q + 92,1V =0,
B3C,0)NC*Y ={03108+3 1Q | cC*,Qect, 3V e :901Q + 310V =0, ,
91V =0.
BiNC* = {3018 +310Q + 2,1V | € C*°,Q etV €C™, 3y1Q + 310V =0,001V =0},
BiNCY? ={301Q +310V =0|Q e,V €™, 91V =0},
B3(C%*,301) = {301V | V € C%?},
J*={ReC* |3 1R=0,3pr € C*?:3)10r + 1R =0},
Z3(Np,9) = {p € C*Y | 3109 = 0,001 = 0},
ker(g3) = {R € J* | ds_1R+ 31 0¢r € B3(Ny,9)},
99,15 =0, 991 R+09105 =0,
zZinct?={Sec® |IRecC*,pcC®:301p+ R+ _1S € BY(Ny,0), ¢,
d10p + 99,1 R € BY(Np,9).

99,15 + 01 0W =0,
1R+ 3105 + 321 W € BYN,9),
A1 + A1 0R + 39,15 € BY (N, 9),
d10p + 91 R € BY (N, 0).

1

H3(C,9)

Z3 =S W eka® () | IS € C? ReC?lpe 0.
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The proofs of Theorems and are analogous to the proof of Theorem [3.11

3.5 Particular cases

In this part we consider some particular cases regarding the bigraded cochain complex (C,9),

0 =09p,1 +91,0+2_1.

The case J_; = 0. In this part, we assume that 0 _; = 0, which corresponds to the well-known
case of a double complex. Namely, (C,0) is a bigraded cochain complex, such that the bigraded
decomposition of the coboundary operator is

9 =09y, +91,0.
The coboundary equations (3.3)-(3.7) read in this case
%G1 =0, 90,101,0 + 91,000,1 = 0, 3, =0,

which means that the bigraded components Oy ; and Oy are coboundary operators which commute
with each other in the graded sense.

The case of the double complex is a standard topic in the literature, since it naturally arises both
from algebraic and geometric contexts [46, Chapter XI, Section 6], [47, Section 2.4], and has several
applications [0, Chapter II]. However, the description of its cohomology is limited to explain that the
natural filtration

FPC® .= @ chI

i,j€Z

i>p
induces a spectral sequence which converges to the cohomology, and whose second page is explicitly
described in terms of the double complex, namely, EY? = HP(H?(C,d01),010). For several
applications discussed in the literature, the computation of the second page of the spectral sequence
is sufficient to describe the cohomology. In this sense, we have not found a general scheme for the
computation of the cohomology of a double complex.

Theorems and provide an explicit description of the low-degree cohomology of a

bigraded cochain complex which, of course, also holds for the double complex. We remark that in this
case, the null subcomplex is simply N = ker 9y 1, so the cocycles and coboundaries of (N, 5) are

Z(./\/, 5) = ker 60,1 N keral,o, and B(N, 5) = al?g(ker 6071).
Furthermore, in the description of the cohomology of degree 1 provided by Theorem [3.11] we have

ker(p1) = {Y € C% | 991Y =0, Jay € C*0 : 310V +p1ay = 0,01 00y € B'(Np,9)}.
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On the other hand, the terms which simplify in the description of the cohomology of degree 2 of
a double complex are

B%(C,9)NC* = {d1pa | acc™ Iy eC™ : dp1a+310Y =0,0,1Y =0},
ker(gz) = {Q € "' [ 30,1Q = 0,38 € C*¥: 30,18 + 010Q = 0,9108¢ € B*(N,9)},
9,1Q + 310V =0,
Zi=SVeker®d; |IQecH,BeC*0:0018+310Q € B*(N,9),
d108 € B3(NV,9).

In a similar fashion, the terms appearing in the description of the cohomology of degree three that
simplify in the case of the double complex are B N C%!, B3 NCH2, Z3 NCH2, and Z3.

The case Jp; = 0. We now consider a cochain complex (C*®,0) endowed with a compatible
bigrading such that the decomposition of the coboundary operator is of the form @ = 919 4+ 92 1.
This can be regarded as a particular case of our general scheme in which the operator of type (0,1)
vanishes, 9y 1 = 0. In this case, the coboundary property % = 0 is equivalent to

aio =0, 01,092,1 + 92,1010 =0, 837,1 =0,

which means that the bigraded components 91 and Oy _; are graded comrﬁnutative coboundary
operators. Moreover, the null subcomplex is N = ker d _1. In particular, (Np,d) = (C*°,d1),

ZP(No,0) = ker(dy g : CP0 — P10, and BP(Np,0) = 31 0(CP~10), Vp > 0.

It is well known that this class of cochain complexes arise in the context of regular Poisson
manifolds. In fact, the choice of a subbundle normal to the symplectic foliation of a regular Poisson
manifold induces a bigrading of the Lichnerowicz-Poisson complex such that the coboundary operator
is of this kind. Moreover, based on this fact, and motivated by the results in [74], a recursive scheme
for the computation of the cohomology of regular Poisson manifolds is provided in [62] Section 2]. Such
recursive scheme is similar to the one we have presented in Section [3.3] and leads to a description of
the Poisson cohomology in terms of short exact sequences that coincide with the bottom rows of the
diagrams of Proposition [3.2

Finally, we remark that this class of cochain complexes also arise in the literature in the more
general context of Poisson foliations [65, Proposition 2.2], [66, Lemma 4.1], which are Poisson structures
such that the symplectic foliation admits an outer regularization.

The terms which appear in the description of the first cohomology which simplify in this case are

BY(Np,9) = 9;,0(C*?),
BY(C”*,00,1) = {0},
Al ={y ec™ |3, =0},
ZY(Np,9) = {a € ™Y | 3 g = 0},
ker(py) = {Y € A' | 3y 1Y € 91 0(C*?)}.
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In the description of the cohomology of degree two, the terms simplify to

B%C,9)NC* = {3100+ 1Y |acC0Y € 0,0V =0},
Bincht = {00V | Y € C*'},
B%(C"*,31) = {0},
J?={Q € C"' | a10Q =0},
Z3(Np,9) = {B € C*°| 3,08 = 0},
ker(g9) = {Q € J? | 92,-1Q + d108¢ € B*(N,9)},
91,0V =0,
Zi=3Xvec™ |3Qect,BeC?:0,0Q +32_1V € B3(N,9),
I108 +32,1Q € B3(N,9).

In a similar fashion, most of the terms appearing in the description of the cohomology of degree
three simplify.



Chapter 4

Bigraded Cohomological Models in Poisson Geometry

In this chapter, we review some of the geometric structures which induce a bigraded cochain complex
such that the algebraic schemes developed in Chapter [3| can be applied. Furthermore, we show that
the cochain complex of a coupling twisted Poisson or Dirac structure on a foliated manifold is endowed
with a natural bigrading of this kind.

This chapter is organized as follows. Section is devoted to describe the bigraded model on the
general setting of Lie algebroids with fixed involutive subbundle. Also, we describe how the geometric
structures described above fit in this general construction. In Section we describe the algebraic
structure of the bigraded model for coupling structures. Finally, in Section we introduce the
notions of coupling twisted Poisson and Dirac structures, show the correspondence with twisted Dirac
elements, and describe the bigraded model for the cohomology.

4.1 Bigrading on Lie algebroids

Let (E — M, q,[-,-|g) be a Lie algebroid, and let O : I'(A*E*) — I'(A®E*) be its de Rham differential,
in the sense of Definition Suppose we are given a regular distribution V' C E whose sections
are closed under the bracket of the Lie algebroid, [['(V),I'(V)]g € I'(V). Such regular distributions
will be called involutive. In addition, suppose we are given a vector bundle map p : £ — E such that
p? = p and im(p) = V. We say that p is a connection on E adapted to V. Denote H = HP := ker(p),
and let V°, H° C E* be the annihilators of V and H in E*, respectively. Then, we have the splittings
HP®V = E,and V°@®H° = E*. For simplicity, let us denote for each p, ¢ € Z, AP1E* := N\PV°QANTH®.
Then,

A E* = @ /\PvlJE*7 (41)

P,qEL

Moreover, the curvature RP(a,b) € T'(A2V° ® V) of p is given by
RP(a,b) :=p[(Idg —p)a, (Idg — p)b] &, Va,b e I'(E),
and is the obstruction to the involutivity of HP. On the other hand, for each K € T(A*E* ® E), we
consider the insertion operator ix : I'(A*E*) — T'(A*E*) of degree k — 1 given on o € I'(APE*) by
197 Oé((ll, s 7ap+k’—1) = Z (_1)0—04(}((&017 R aok)v Aop iy a0p+k71) Vab sy Optk—1 € F(E)
O’ES(;C’pfl)

Here, S(;p—1) is the set of shuffle permutations (see Remark . Moreover, the Og-Lie derivative
L?(E :D(A*E*) — T'(A®E*) of degree k is defined in terms of the commutator of graded endomorphisms
by LSE := [ig,0p] = ix 00 + (—1)Fdp o ik.

67
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Following the Appendix [C| we get the following result on the bigraded decomposition of the de
Rham differential.

Theorem 4.1. Let p € T(A2E* ® V) be a connection on the Lie algebroid (E,q,|-,-|g) adapted to the
inwvolutive subbundle V- C E. The bigraded decomposition of the de Rham differential is

Or = (Op)o1 + ()10 + (O)2,-1,

where, for each i,j € Z, one has the property (A% ); j(L(APIE*)) C T(APTTIE*) for all p,q € Z. In
terms of the connection p, the bigraded components of O are given by

This result implies that, whenever a Lie algebroid (E, ¢, [-,-|r) is endowed with a projection map
p: E — E, p? = p, with involutive image V = im(p), its de Rham complex is bigraded in the sense of
the complexes studied in Chapter |3} In other words, the results of Chapter [3] may be applied for the
computation of the Lie algebroid cohomology.

Let us propose an adequate bigraded model for the description of the cohomology of a Lie algebroid
(E,q,[,"]g) in which an involutive subbundle V' C E is fixed. To this end, recall that the closedness
of I'(V) under the bracket of I'(E') implies that, the triple (V, ¢|v, [, ]v) is a Lie algebroid such that
[ Jv == [, -]Elr(v)xr(v) is the restriction, and the natural inclusion ¢ : V < E is a morphism. In
particular, V' has its own de Rham complex (I'(A*V*),0y).

Note that each complementary subbundle H C E, H®V = E corresponds to a unique connection
p € I(E* ® V) on the Lie algebroid adapted to V, via the relation ker(p) = H. We also observe that
the splitting V° ® H° = E* induces an isomorphism H° 22 VV*, given by the dual of the inclusion map
v B — V* restricted to H°. For each p, ¢ € Z, this induces an isomorphism AP7E* =2 APV @ ATV*,
Let us denote CP7 := APV @ATV*, CP9:=T(CP), and C** := P, ;7 C79. We then have a bigraded
exterior algebra isomorphism I'(A®®E*) = C**. Moreover, under this correspondence, the de Rham
complex (I'(A®*E*),dg) induces a cochain complex structure on C®.

Observe that the bigraded model C** only depends of V, but the bigraded exterior algebra
isomorphism between I'(A®*E*) and C® do depend of the choice of p. So, the coboundary operator
induced on C*® also depends on p. Since the de Rham complex (I'(A*E*),dg) is bigraded and such
that O = ()01 + (%) 1,0+ (9%)2,—1, it follows that the coboundary operator O on C* has a bigraded
decomposition of the same type, (C**,0” =1 + 19+ I2,—1).

We now describe each of the bigraded components 9y 1, 91,9, and 2 1 of the coboundary operator
o :C* —C°.

e The operator aX, 1- Observe that the coboundary operator 9y ; is independent of the choice of
the connection p. In fact, the bigraded operator Jy ; is an extension of the de Rham differential
Ay of C%* =T'(A®V*) to the whole bigraded space C**, in the sense that Ao1lr(asv+) =Ov. In
fact, the value of 9y, with & € T'(APV®), on v € I'(V) and a4, ...,a, € ['(E) is

P
Ao (vyar, ... ap) =L alay,. .. a,) = Ly (alay, ... ap)) — Za(al, o vailE, . ap).
i=1
Since Qg 1 is a derivation, these relations determine its value on the whole C**. It now becomes
clear that 9g; is in fact independent of the choice of p.
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e The operator 611)70. Proceeding as before, the differential 611)70 on a € I'(APV®) is given on
ai,...,apy1 by

arfvoa(al, CeOpg1) = Z (—1)° Lq((ld_p)%l)(a(agz, ey Oyyq))
UES(LP)

- Z (_1)Ua((1d - p)[adlaaﬂz]Ea Aogy - -+ 7aUp+1)'

0€S5(2,p-1)

Similarly, if p € T'(A?V™), then for vy,...,v, € I'(V), and a € I'(E),
O o1(a;v1, - vg) = Lg(aa — pya) (1(v1, - - -, vg)) — Z,u(vl, —.,pldd—p)a,viE, ..., vq).

e The operator 657_1. This operator is given by the curvature RP € T'(A2V° ® V) of p. Viewing
each n € CP? as a p-linear skew-symmetric map 7 : ['(E) x --- x I'(E) — I'(AYV*) vanishing if
any argument lies in I'(V'), the operator 512)7_1 is readily described by the curvature, as follows:

a2p7—177(a1¢ s 7ap+2) = _(_1)1) Z (_1)0 iRP((L71 ,aaz)(n(aﬂsa BRI aUerZ))'
0’65’(2’1,)

The operator GK 1 is the extension of the de Rham differential of V', and 65’70 is the covariant
exterior derivative of p. The operator 6157_1 is the negative of the insertion of the curvature.

In some particular contexts, the formulas presented in the previous general context of a Lie
algebroid with an involutive subbundle can be simplified. This is in fact the case when V C E can
be realized as the kernel of a surjective Lie algebroid morphism 7 : E — A onto (A — N, qa,[-,]4)
covering some map M — N [7, Section 3]. In this case, F is called an extension of A via V', and the
above formulas get a simpler formula when applied to the HP-lifting of sections of A. Another case
in which such formulas simplify are £ = T M is the tangent Lie algebroid. In such context, Frobenius
Theorem implies that V is the tangent bundle of some foliation V, V' = TV. By evaluating in local
V-projectable vector fields, the above formulas also simplify.

4.1.1 Geometric applications

We now briefly describe some well-known geometric settings in which the corresponding Lie algebroid
is naturally equipped with a connection.

Example 4.2 (Regular Poisson structures). Let (M, IT) be a regular Poisson manifold, with symplectic
foliation (S,ws), and consider its cotangent Lie algebroid (7*M,TI*, {-,-}11). The annihilator of the
characteristic distribution V' := Ann(7'S) is a subbundle of T*M which coincides with the kernel of
the anchor map, V' = ker(IT*). Then, it is clear from that {I'(V),I'(V)}n = {0}. Furthermore,
the involutivity of T'S implies {I'(V),T'(T*M)}z C I'(V). Therefore, by taking any vector subbundle
H C T*M such that H &V = T*M, it follows from Corollary [C.7] that the corresponding bigrading
of the Lichnerowicz-Poisson operator is

O = (On)1,0 + (Om)2,—1-
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Furthermore, Corollary implies that (Srr)2,—1 is the zero operator if and only if the subbundle
H C T*M is involutive, {I'(H),I'(H)}x C I'(H). Because of Lemma this is equivalent to the
following geometric condition: if N C T*M is the annihilator of H, then every X € I'(N)Naut(M,S)
is Poisson, X € Poiss(M,II). In other words, N is a Poisson connection if and only if (3r1)2,—1 = 0 (see
Example . In particular, this implies that IT must be transversally constant [62, pp. 959-960],
[64, pp. 49-50]. v

Example 4.3 (Poisson foliations). All of the arguments in the previous example are valid for the
case of regular Poisson foliations. Given a Poisson foliation (M, F, P), one can take V := Ann(TF).
Then, it is clear that V is an Abelian ideal of (T* M, {-,-}p) such that V C ker(P*). By fixing H such
that H @ V = T*M, the Lichnerowicz-Poisson operator has the form dp = (3p)1,0 + (9p)2,—1 [65}
Proposition 2.2], [66, Lemma 4.1], and the term (9p)g, —1 vanishes if and only if V' is the annihilator
of a Poisson connection. v

Example 4.4 (Extensions of Lie algebroids). Let 7 : E — A be a Lie algebroid epimorphism covering
the base map p: M — N, and let V := ker(w). Observe that for each m € M, the image of dual map

T+ Ay = Eiy is Vi This implies that the image of 7 : [(A®A*) — T(A®E™) generates I'(A®V°).
Moreover, for each v,w € I'(V), and o € I'(A*), we have

v, wlp = L) (" a(w)) — L) (T a(v)) — 7% da av, w) = 0.

Since a € T'(A*) is arbitrary, this implies that [v,w|g € T'(Ann(V°)) = I['(V). Therefore, V is
involutive. Now, consider the bigraded model C** = @p,qEZ CP? described above, where CP? =
[(APVC @ A2V*). Then, the C°°(N)-module isomorphism 7* : T'(A*A*) — I'(A*V°) extends to

7 T(AA*) @coe () T(AV) = C*°.

Now, consider a connection p adapted to V' C E. For each a € T'(A), define h(a) € T'(H) by the
relation, and 7*a(h(a)) = p*(a(a)), for all a € T'(A). This induces a linear A-connection V = V" on
V', given by

Vi T(A) xT(V) = T(V), Vho :=[h(a),v]p, VYa€T(A),v e (V).

Consider also the curvature 2-form oP € T(A2A*) ®cee(n) T(V), given on a,b € T'(A) by oP(a,b) :=
[h(a), h(b)] — h[a,b]. Our last isomorphism induces a coboundary operator 9 on I'(A®*A*) ®ceo(n)
[(A*V*), and the formulas for 97, 1, 9y _, simplify to [7, Prop. 3.2]
orgn(ar,...,ap) = (=1)P dy(n(ai, ..., ap)),
8[1)),177(0’17 ce 7ap+1) = Z(_l)gvzgl (77(0’027 s 7a0p+1)) - Z (_1)077([(1017@02]147 Aogy -+ 7a0p+1)7

(1,p) (2,p—1)
657—177(6117 R 7ap+2) = _(_l)p Z(_l)T iffp(aT1 Jry) 77(6%7 s 7an+1)7
(2,p)
for all n € T(APA*) ®ceo vy [(ATV¥), and a1, ..., ap42 € ['(A). A/

Example 4.5 (De Rham complex on foliated manifolds). Let (M,V) be a foliated manifold, and
let V := TV. As a consequence of Theorem for any connection v on (M,V), the bigraded
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decomposition of the exterior derivative is of the form d = dg,l + dlo + dg,—1 [61]. Observe that in the
particular case when the leaves of V are given by the fibers of a surjective submersion p : M — N,
V' is the kernel of the Lie algebroid map m = p, : TM — TN, so this example fits in the previous
case of extensions of Lie algebroids. However, even though the leaves V of M are not the fibers of a
submersion, locally they are. So, the formulas of the previous example still hold for the bigraded model
C** =T'(A*V° ® A*V*) when we evaluate on V-projectable vector fields. In fact, for ui,...,ups2 €
aut(M,V), and n € CP4 we have

N gnut, ... up) = (=1)P dy (n(ui, ..., up)),

a&ﬂ](ul, s 7up+1) = Z(_l)a Lual (U, - - - 7u0p+1)) - Z (—1)077([U01au02]7 Uggs - uUp+1)7
(Lp) (27[)—1)

B _mur, . tpr2) = —(=1P Y (=17 inp(uy, ) Mtog, - s Ugyy)-
(2,p)

4.2 The bigraded model for coupling structures

4.2.1 The Dirac structure of a foliation

There are two Lie algebroids associated with a regular foliation. One of them is the Lie algebroid of
the tangent bundle to the foliation. The other one is the Lie algebroid of the Dirac structure of the
regular foliation.

Let V be a regular foliation on the manifold M, with tangent bundle V := TV. Let us denote
by V° := Ann(V) its annihilator. We also denote the Whitney sum of V and V° by V:=V @ V°.
It is clear that V € TM is a maximally isotropic subbundle of TM with respect to the canonical
pairing. Furthermore, V is a Dirac structure (with the standard Dorfman bracket (1.8)). Indeed,
given X, Y € I'(V), and o, f € T'(V°), we have

[X®da,YepB]=[X,Y]®(Lxf—iyda)=[X,Y]® (Lx 8 — Ly a).

Here, we have applied the fact that iy @« = 0 and Cartan’s formula. Since V is involutive, the
vectorial component is again leaf-tangent, [X,Y] € I'(V). Furthermore, the fact that each of Lx
and Ly « are sections of V° follow from standard computations and the involutivity of V. Therefore,
[X®a,Y@s] € I'(V), and hence V is a Dirac structure. As explained in Subsection this means
that V has a natural structure of Lie algebroid, where the Lie bracket [-, ]y is just the restriction of
the Dorfman bracket.

The bigrading of the Lie algebroid V. Consider the Lie algebroid (V, ¢, [, -]v), where the anchor
map and the bracket are the restrictions of the projection prys : TM — TM and of the Dorfman
bracket [-, -], respectively. Let us describe the bigraded properties of its de Rham differential dy,

dy : T(A*V*) = D(A"VY),

with respect to the canonical splitting V. = V & V°. Denote by p : V — V the projection over V'
along the splitting V.= V @ V°. The horizontal and vertical distributions of p are {0} @ V° and
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V @ {0}, respectively. Then, the vector bundle A®V acquires structure of bigraded (Z x Z-graded)
vector bundle. Denoting, for each p,q € Z, A9V := APV° @ N1V | we get

ASV = @ APV,
P,qEL

Following the Appendix [C], by the definition of the anchor and Dorfman bracket, we observe that the
p-vertical distribution V' & {0} is involutive, and the p-horizontal distribution satisfies {0} & V° =
ker(q). Since each of the hypotheses of Corollary hold, we conclude that the de Rham differential
of the Lie algebroid V has bidegree (0,1), dy = (3 )o,1-

Let us use this fact to describe also the bigraded properties of the Schouten bracket of the Lie
algebroid on V,

[, -Jv : T(A®V) x T(A*V) —= T(A*T*1V)

(see Section. Recall that the Schouten bracket is characterized in terms of the graded commutator
of endomorphisms on I'(A*V*) by

i[n,n’]v = [[iﬂ7aV]vin’] Vﬁ, 77, S F(/\'V), (4‘2)

We claim that the Schouten bracket has bidegree (0,—1). Indeed, suppose that n € I'(AP9V) and
n e D(AP7V). Then, i, and i, have bidegree (—p, —¢q) and (—p’,—¢’), respectively. Since the
bidegree of Ay is (0, 1), it follows from that if, ,n, has bidegree (—p —p', —¢—¢' +1) (the sum of
the bidegrees of dy, iy, and i,/). In consequence, [n,7']y must have bidegree (p+p’,q+ ¢’ — 1), which
is the sum of (p,q) (the bidegree of 1), (p/,q’) (the bidegree of 1) and (0,—1). Since n € T'(AP?V)
and n/ € D(AP"9'V) are arbitrary, we conclude that the Schouten bracket of (V,q, [-,-]v) has bidegree
(0, —1). In other words, (I'(A**V), [+, ]v) is a bigraded R-Lie algebra of bidegree (0, —1).

Viewing n € D(AP2V) and 7' € T(AP"7V) as C°°(M)-multilinear maps ['(TM) x --- x T(TM) —
['(A®V), their exterior product n A ' and the Schouten bracket [n,n']y evaluated on V-projectable

vector fields uy, ..., upry € aut(M,V) are given by
AR, ttpr) = (1P (=10t tig,) A (s, ),
UES(pJ,/)
0,0 1w (U, - upay) = (D7D (1) Uy, - tey) 1 (U -5,
TES(p,p!)

Here, the wedge products and brackets on each summand in the right-hand sides are the standard
exterior product and Schouten-Nijenhuis bracket of multivector fields. If n = a ® A, and ' = f ® B,
where a, 8 € T (A*V?), and A, B € T'(A*V), then

(@@ A)A(B® B) = (—1)""Y(aAB) @ (AN B), (4.3)
[a®A,B® Bly=(-1)"Y(anpB) ®|A Bl (4.4)

In particular, for leaf-tangent multivector fields A, B € T'(A*V) = I'(A%*V), the Schouten bracket on
['(A%*V) coincides with the Schouten-Nijenhuis bracket of multivector fields restricted to T'(A®V).

Finally, we remark that, for each n € I'(A®V), the adjoint operator ad, : I'(A*V) — ['(A®V),
given by ad,(n') := [n,7]v, is a graded derivation of the graded Poisson algebra (I'(A*V), A, [-,-]y) of
bidegree (p,q — 1).
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4.2.2 Derivations induced by bivectors and 3-forms.

Recall from Section [I.4]that the de Rham differential of the Lie algebroid of a twisted Poisson structure
is the sum of two operators: the first of them is, as usual, the adjoint of the bivector with respect to
the Schouten-Nijenhuis bracket of multivector fields. The other one is defined in terms of both the
bivector and the background 3-form. This idea suggest that one can define bigraded derivations on
the exterior algebra of the Dirac structure of a regular foliation, by means of a leaf-tangent bivector
field and a 3-form.

In what follows, let (M,V) be a regular foliation, and denote V := TV, V° := Ann(TV), V :=
V@ Ve, APAV := APV° @ AV, Also, consider a leaf-tangent bivector field P € T'(A?V), and a 3-form
W € D(AN3T*M).

Derivations of bidegree (0,1). Consider the derivation jp, : T'(A*V) — T(A®V) of degree 1,

defined as in (1.13)). Let us extend it to a bigraded derivation jgi) : T(A®*V) — T(A**V) of bidegree
(0,1) by means of the formula

i (@A) = (~1a@jp, A, Yo € D(APV®), A € T(ATV). (4.5)

The fact that jp,, vanishes on C°°(M) 1mphes that J( ’w) is well defined. On the other hand, the

derivation property readily follows from . In fact, given n € D'(AP?V), and 7 € F(/\”/’q/V) of the
fomn=a® A, and ' = 8 ® B, we have

S A) = (=175, (A B) ® (AN B)) = (=17 (a A B) @ jpy(A N B)

)

= (PP (QAB)® (jpy AN B+ (—1)TAAjpy B)
)
)

(~DP(a@jpy A)A(B® B) + (1P (a® A) A (B@jpy B)

=0 (@® ) A (B®B) + (-1 (a® 4) AjS)(B® B)

0,1 .(0,
=i nAn + (=DM A

So, j%) is the graded derivation which coincides with jp,, on I'(A*V) and vanishing on T'(A*V°).

Derivations of degree (1,0). We now define a graded derivation Jggw) : T(A®*V) — T(A**V) of
bidegree (1,0) as follows. For each n € T'(AP9V), uy,...,up1 € I'(V), and p1, ..., pg € T(T*M), set

(1,0 . :

J%w) UL,y Upg1; s - - -5 fg) 2= (—1)P Z (=17 (=1)"0uer, -, Uoyiiptp, dug, ) Vs bras - - biry)-
U‘ES(pyl)
TES(LQ)

Since P € T'(A%V), it is clear that jg’g) 71 vanishes if any of y; lies in I'(V°).

Lemma 4.6. For each P € T'(A?V) and ) € T(A3T*M), the opemtorj%;g) :D(A®V) — T(A**V) s

a derivation.
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Proof. To save some space, denote (—1)7*7 := (—1)7(—1)7, and consider the tensor field t = tp,
given by

t: T(T*M) x T(TM) — T(T*M), b = ipay i 1.

Now, take 7 € T(APV), 7' € T(AP9V), uy, ..., upypr1 € D(TM), and 1, ..., pgry € T(T*M). By
definition, we have

(1,0
.]SD’@[;) (77 A 77/)(“17 sy Upgp/ 415 M1, - - 7:u’q+q/) =
(_1)p+p Z (—1)U+T(7I N 77,)(%1’ ce ’u0p+p/ ; Euq LL IR Hrgs - - 7lu’7'q+ql) =

JeS(p+p/,1)
Tes(lyq+q/71)

(_1)p+p tra Z (_1)G+T[n(uﬂ'1’ s 7u0’p) N n,(uo'p+1a cee audp/)](ﬂ;url YUo

geS(p,p/,l)
Tes(l,q+q171)

7,“’7'23"' 7/“L‘I'q+q/)'

p+p/+1

Now, observe that [1(uo,, ..., Us,) AT (Uoysrs - - -5 o, )] (B RTSSNINEY CSRee , Wr,, ) is the insertion of

P/ +1
Cpiry o 1 in the exterior product of the multivector fields n(ug,, ..., us,), and 7' (ts, ;- .-\ Uo, ),

all evaluated in pr,, ..., Porp Since the insertion is a graded derivation on multivector fields, the
previous sum splits into two, namely,

S DT T ey uey) AT (Ut )] (e, o,

TES(p,p 1)
TES(1,qt¢/ 1)

Z (_1)U+T77(u017 <oy Uops Tt,uq—l JWUo

€Sy, 1)
T€5(1,4-1,¢)

aﬂ’l’z:"' 7ILLTq+q/) -

p/+1

/ .
p+p/+1’NT2’ e 7:“7'4)77 (ucerrla EERN VR L IS ERRE 7,Ud'rq+q/)+

(_1)q Z (_1)U+Tn(u017 ctt UO'p; Mrgyee ey MTq+1)n/(uUp+1a e 7u0p+p/;ﬂ-’u7—1 yUo, ?/LTq+2? e 7MTq+q/)

UES(F’p/J)

p+p’+1

TES(1,4,4' 1)

/
— (1P § ' _1\o+T . / .
_( 1) ( 1) n(u0'17'"?uUp7EH717UUp+1?IU’7'2""7M7q)77 (uUp+27’"’uap+pl+17)l“LTq+17"‘7/"L7q+q/)
UeS(p,l,p/)
T€S<1,q717q/>

E o+T7 . / .

+ (_1) 77(“0’17'”7UJP7MT17'-‘7/J’T¢;)77 (uUp+17"'7u0'p+pl7tﬂrq+l7uo'p+p/+1)/’LTq+2""7MTq+q/)'
O'GS(p’p/,l)

Tes(qyl,q’*l)

Here, we have rearranged the indices of each of the two sums, while keeping track of the corresponding
changes of sign. On the other hand, straightforward computations give

(170) / . J—
(Jp’w nAn )(u0'1) cees oy s B - '7ﬂTq+q/) =
+p’ o+T1 . / .
(_1)1’) v Z (_1) U(Uau sy Ugps ﬂ:#rlyuom»lvMTza s 7:““771)77 (uo'p+27 s 7u0p+p/+17u7—q+17 R :uTquq/)?
TE€ES(p,1,p7)

T€S(1,4-1,¢")
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and
'+q+p' (1,0) ) —
(_1)]) 1 pq(n/\.]P’w 77)(Uo1>-~-7Uap+p/+17/ina-~-7qu+q/) -
E o+T . / .
(_1) 77(“0'13 e 7u0'pa ,uTla e 7“7'4)77 (ua'p+1a cecy uo'p+p”¢lu‘7'q+l7u‘7p+p/+17’uT‘1+2’ cty /‘LTq+q/)'
aGS(p,p/,l)
T€S<q!1’q/71)

Taking into account the fact that the sum at the beginning of the proof has the factor (—1)p+p’+p/q,
the result follows. u

Derivations of bidegree (k,—1). Now suppose we are given a (k + 1)-form © € T'(AFF1T* M)
vanishing whenever two of its arguments are leaf-tangent vector fields, that is, © € T'(AFV° @ T*M).

Let us define jgﬁ’fl) :T(A®*V) = T'(A®*V) on n € T'(AP9V) and uy, ..., upp € I(T'M) by

(k,—1 — .
I ) = (1P S (D) o ) Mo s ts,)- (46)
UES(k’p)

Observe that each summand is the insertion of the 1-form O(ug,,...,Us,) = lu,, ---lu,, © in the

g-vector field 7(uq, ;- -, Ug,,,). Since © vanishes whenever two of its arguments lie in T'(V'), we get
that jg’_l) n € I'(APT#4=1V). Moreover, we observe that j(@k’_” = 0 if and only if © € T'(A3V°).

To show the graded derivation property, note that
(k,—1 (k,—1
e =rigY Vf e Cx(M).

On the other hand, it is clear that © is locally the sum of elements of the form f d «, where f € C*° (M),
and o € F(/\kVO). This can be observed, for instance, in a coordinate chart adapted to the foliation
V. So, to show that jg’_l) is a graded derivation for every © € I'(A*V° @ T*M), it suffices to verify
this property in the case © = d o, where o € T'(APV?).

Lemma 4.7. Let a € T(AFV°) be a k-form vanishing on leaf-tangent vector fields, and consider its
adjoint operator ady, : T(A**V) — T'(A**V) with respect to the Schouten bracket of V. Then,

jflko’fl) =ad,.

In particular, Jékg

1)

is a deriwation of bidegree (k,—1).

Proof. Fix n € I'(AP?V), and V-projectable vector fields ui, ..., upit € aut(M,V). Then,

adq 77(”17 cee aup-l-k) = (_1)p Z (_1)U[a(u017 s ng), U(UUHN R ucrker)]
UES(p,k)

= _(_1)p Z (_1)0 id(oz(ugl,...,ugk)) n(uak+17 R uak+p)~
O’GS(pJg)

Since each wu,, is V-projectable, a € T'(A¥V°); and 7 values on T'(A?V), the following equality holds
for each o € S, 1)

. k.
ld(a(ugl,...,ugk)) n(u0k+17 s 7u0'k+p) = (_1) lda(uo'l,...7uo'k) n(u0k+17 v 7u0'k+p)‘
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Hence,

1
a'da n(ula"'vup+k) p+k ! Z lda (Ugy 5 ,ugk)n(u0k+17"'7u0'k+p) _.]((;la )77(“1:--~7Up+k)-

TES(p,k)

4.2.3 Extension of the Schouten bracket

The present construction, given in the context of foliated manifolds, is based on the one in [50}
Subsection 4.2.1] for the case of fiber bundles (see also [16, Proposition 3.1]). Since this work is
devoted to the study of coupling structures on foliated manifolds, we find convenient to give this
construction in this setting.

Let (M,V) be a regular foliated manifold, and denote V := TV, V° := Ann(V). Recall that the
algebra of V-projectable vector fields aut(M,V) consists of the vector fields u € I'(T'M) such that
[u,Y] € (V) for all Y € T'(V). As a consequence of this property, we get that aut(M, V) preserves
I['(A*V), where V := V @ V°. Therefore, the Lie bracket [-, ]y on I'(V), given by the restriction of the
Dorfman bracket, can be extended to aut(M, V)& T'(V°) (just recall that I'(V') C aut(M,V)). Indeed,
for u,v € aut(M,V) and o, f € I'(V°), one can set

[u®a,v® Py = [u,v] ® (L, f— Ly @),

which defines an R-Lie bracket on aut(M,V) & I'(V°) coinciding with the Dorfman bracket on I'(V).

In what follows, we generalize this extension to the Schouten bracket of [-, ]y in I'(A**V). To do
so, we give an equivalent definition of it by using use some Vinogradov calculus. Our goal is to replace
the description , which was given in terms of graded endomorphisms on I'(A®*V*), to a new one
presented in terms of graded operators on I'(A*T*M).

Insertion operators and the Vinogradov bracket. Recall that, given two graded operators D
and E on I'(A*T*M) with corresponding degrees d and e, their graded commutator is defined by
[D,E] := Do E — (-1)**E o D. Tt is well-known that this bracket induces a graded Lie algebra
structure of degree zero on the space of graded operators, which means that the graded versions of
the skew-symmetry and the Jacobi identity hold. On the other hand, the Vinogradov bracket of D
and F is given by

[[DvEﬂ = [[D,d],E],

where d denotes the exterior differential on I'(A®*T™* M ). This is a bracket of degree 1 which satisfies the
graded Jacobi identity (see, for instance, [80, Section 2.2]), but is not graded skew-symmetric. However,
if the graded operators in question commute, then their Vinogradov bracket satisfies skew-symmetry.

Lemma 4.8. If [D,E] =0, then [D, E] = —(—1)4tDD[E D],
Proof. By the graded Jacobi identity and skew-symmetry of the graded commutator, we get
0=[[D, El,d] = [D, [E,d]] + (=1)°[[D,d], E] = —(=1)"“*V[[E,d], D] + (=1)°[[D, d], E]
= _(_ ) e+1)|IE7D]] + (_ )e[[DvE]L

which proves the statement. |
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Given a multivector field A € I'(AYT'M), the operator i4 is the insertion of multivector fields,
and is characterized by the relation iy = ig 0--- 0, if A = a1 A--- Aag. Furthermore, for
each multivector-valued form n € T(APT*M ® AYTM), and each w € D(A*T*M), define i,w €
L (Ak+P=4T* M) by

i w(X1, o Xepg) = > (1) iy, Xo) W Xopars oo Xopy ) ¥Xi € T(TM),
oE€S(p,k—q)

This gives a graded operator i, on I'(A*T*M) of degree p — ¢, called the insertion of 1. The
correspondence 7 — i, is an injection of I'(A*T*M @ A*T'M) into the space of graded endomorphisms
of T(A*T*M). We also define the Lie operator L, := [i,, d], where in the right-hand side we have the
bracket of graded endomorphisms on T'(A®*T*M). In the case when n = a ® A, with o € T'(A*T*M)
and A € I'(A*T'M), one has i, = mq o ia, where m, is the left multiplication by «, and i is the
insertion of A. Furthermore, since the exterior product of multivector-valued forms satisfies formula
, we have the property ijny = iy o iy.

It is well known that, in this generality, the space of insertion operators is not closed under the
Vinogradov bracket. However, in the particular case when the multivector-valued differential forms
are taken from I'(A®*V), viewed as a subset of I'(A*T*M ® N*TM), we recover the bracket (4.2)).

Lemma 4.9. The bracket [n,1]v of n € T(AP9V) and nf € T(AP1V), given in (£.2), is characterized
in terms of the Vinogradov bracket of their insertions on T'(A*T*M @ AN*T'M), namely

ity = Mgy By ]- (4.7

Proof. By the injectivity of the correspondence 7 — i,,, and the R-bilinearity of both sides, it suffices to
check the identity for n = a® A and ' = & B, where «, 8 € I',(A*V?°) are basic, and A, B € T'(A*V).
By standard computations with the commutator of graded endomorphisms (see, for instance, [80),
Lemma 2.2]),

L] = [l s ] = 1720 0 11, ], g © i3] = [ma © L +(~ 1)+ 1m0 14, mp o i3]
= [ma oLy, mg o iB] + (_1)p+q+1[mda o iA,mB o iB].
Since B,da € I'(A*V?), and A, B € T'(A*V), it follows that mgq, mg, ip and iy commute with each
other, so [mqqa 0ia,mgoip] =0. Similarly, [mqoLa, mgoip] = (—l)p'(qfl)ma omgo [La,ip]. Hence,
Lovig] = (<10 Dm0 my o [Layis] = (—1P @ Dmans 04 51 = gy

where in the last step we have applied (4.4)). [ |

The bracket [-,:]y. Our goal is to extend the bracket [-,-]y on I'(A**V) to a bracket [-,-]y on a
slightly larger bigraded space ¥'**, via the characterization . This new bigraded space is defined
as follows: For each p € Z, denote by #P! the space of p-forms vanishing along V and valued in
V-projectable vector fields,

yPL={n e T(NPV° @ TM) | n(u, ..., up) € aut(M, V), Yui, ..., u, € aut(M,V)}.

The local generators of #P-! are given as a ® u, for a € T',(APV®) and u € aut(M, V). In particular,
01 = aut(M, V). For p,q € Z with q # 1, put ¥P9 := I'(AP9V), and define #** := @p,qez YA,
Since I'(V') C aut(M, V), we have I'(A*°*V) C 7'*°.
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To extend [-,-]y to the hole bigraded space ¥, we first show that (4.7) works for n € #P! and
n e T(A4V).

Lemma 4.10. Fizn € ¥?' and f € D(AP"9'V). Then, there exists a unique [n,1']y € T(APTP V)
such that i, 1, = [Ly, iy].

Proof. The uniqueness part, and the fact that it suffices to consider local generators, follow from the
injectivity of the correspondence 1 +— i,. So, without lost of generality suppose that n = a ® u and
n' = B8® B, where «, 8 € T,(A*V°), u € aut(M, V), and B € T'(A?V). By repeating the computations
of the first part of the proof of Lemma [4.9] we get

(L, iyy] = [Mq 0 Ly, mg oip] + (=1)P[mqq © iy, mg 0 iB]
= mq 0mg o [Ly,iB| + mq o [Ly, mg] oip +(—1)Pmqq o [iu, mg] 0 ip
= Mang ©i[u,B] tManL, g © iB +(=1)’Mgani, s o 1B -

Hence, [Ly,i,] is the insertion of (a AL, 8) ® B + (a A B) ® [u, B] + (—=1)’(da A i, ) ® B, which is
an element of F(/\pﬂ’l’qV), due to the V-projectability of u. This means that one can set

.0}y == (@A B) ® [u, B] + (¢ ALy ) ® B+ (=1)P(da A iy B) ® B,
and extend to any pair of elements by R-bilinearity. |

Remark 4.11. Ifn € T(AP9V) and if € ¥?"1, then Lemma implies that there exists a unique
0,17y € D(APTP'9V) such that i1, = lin, Ly]l. By defining [,y in this manner, we obtain that
the skew-symmetry of the graded commutator induces the graded skew-symmetry on |-, ]y .

As a consequence of Lemmas and if n € ¥P% and 1 € T(AP7V), we can define [n, 7]y €
D (APHPa+4 1Y) by the relation
iy arly = (L ] (4.8)
Now, observe from the graded Jacobi identity that Ly, ., d] = [[Ly,iy],d] = [Ly, Ly].
Therefore, if we use

= [1[77»77,]“// )

Lipw1y = (L, L] (4.9)

as a definition of [n, 7]y, provided the injectivity of the Lie operator correspondence n — L,, we
obtain the same bracket as in Lemmas [4.9| and In particular, we can use (4.9) to extend [n, 7]y
to the case when 1,7’ € #*!, even if non of them lies in T'(A®*V).

Lemma 4.12. Ifn e ¥P' andf € ¥P1, then there exists a unique [,y € ¥PP'1 such that ([£.9)
holds, and coincides with the Frolicher-Nijenhuis bracket: [n,n'lpn = [n,1]» .

Proof. Since n and n’ are vector-valued forms, it is well known that there exists a unique [n, '] such
that holds, namely, their Frolicher-Nijenhuis bracket [35, Section 2.8]: [n,7]y = [n,7]rn. It is
left to show that, in fact, [n,7]py € ¥PTP51. Pick U, ... Upry € aut(M,V). Since n € ¥P! and
n € ¥?1 it follows that each of

[n(u1, ... 7up)7 n/(uerla cee up-i-P’)}a n/([n(ulv S ’up)’ uerl]a Up+2; - - aup+p’)’
([0 (ug, ... s Ut )y U/ 1)y Ul 42y« + 5 Upgp! ) 7' (n([u1,us), us, . . ., Up)s Upt1s - -+ Uptp! )

n(n' ([u1,uz], us, . .. s Up! )y Up/ 15+« - s Upp!)



4.2. THE BIGRADED MODEL FOR COUPLING STRUCTURES 79

is a projectable vector field. By [35, Theorem 8.9], [n,7']pn(u1,. .., up+y) equals to a sum of some
terms of the form given in above. Hence, [1,7]pn(u1,...,upty) € aut(M,V). If, in addition, any
of the arguments is leaf-tangent, say, u; € I'(V), then each of the above terms vanish due to the
projectability of each involved vector field and the fact that n € T(APV° ® TM) and 7' € (AP V° @
TM). Therefore, [n,7'|pn € ¥, as desired. ]

The Lie algebra (¥,[-,-]y). Up to this point, we have defined a bracket [-, ]y on ¥". In order to
show that (¥, [, ]y) is indeed a graded Lie algebra, we require the following property:

lie,i¢r] = 0, VE € D(APV), ¢ e T(AP V). (4.10)

To see this, take { = a® A, and f® B, with o, 8 € I'(A*V?°), and A, B € T'(A*V). Then ig = mqy0ia
and iy = mgoip. Since mq,ia,mg,ip commute with each other, it follows that [i¢,ie] = 0.

Theorem 4.13. On the bigraded R-space ¥'**, the following relations give a well-defined Lie bracket
[-,-]% of bidegree (0, —1) such that T'(A**V) is an ideal:

i1y = (L, ] if 0 lies in T(A*°*V),

Ly, = (L, Lay] ifn,n € VoL

Proof. Recall that implies , so there is no ambiguity on the definition of [, -],. Moreover, the
graded skew-symmetry holds due to Remark and the skew-symmetry of the Frolicher-Nijenhuis
bracket. We now verify the Jacobi identity on n € ¥4, o/ € ¥?-¢ and o’ € ¥?"4". Since formula
applies whenever any of the arguments lies in I'(A**V), the Jacobi identity follows from the one
of the Vinogradov bracket in this case. This means that the only nontrivial case in which the graded
Jacobi identity must be verified is when n € #P1 o/ € ¥?1 and n" € ¥P"4". Furthermore, if ¢ > 1,
then the Lie operator correspondence 1 — L, is injective, and we can apply the relation and
the Jacobi identity follows from the one of the graded commutator. So, it is left to consider the case
n' e yr'o,

iy 'y = [L[n,n’]win“] = [[L, Ly, i} = [Liy, (L, iger]] 4 (= 1)7 2 [[Liy, ], L]

1o (_1)(pll71)p/ i[

= [ani[n’m”]w] + (=P [i[nm”}wLn’} = i[n,[n’m”]v]v + 0"y ']y

where in the last step we have taken into account Remark This proves that the graded Jacobi
identity always holds, so (¥, [-,-]y) is indeed a Lie algebra of degree —1. Furthermore, the fact that
['(A**V) is an ideal simply follows from Lemma |

Since I'(A**V) is an ideal of (¥, [-, -]y ), the adjoint operator of every n € ¥, ad, := [, - |y, is a
derivation of (T'(A**V), A, [-,-]v). Indeed, the derivation property of the bracket simply follows from
the graded Jacobi identity of [, -]y. In the case of the exterior product, for n € ¥4, ' € F(/\p/’q/V),
and 1" € T(AP"4"V) we get

iadn(n//\n“) = [L777 in//\n//] = [L777 in/ o i"]”] = [L777 in/] o iT]” +(_1)(p7q+1)(p —q') i77, O[L”N in,,]
= )y Oy +H(—1)ra e iy o[Lip, i)
lady (']

= Lady () An” +(=1) Ly nad, (")

which implies ad, (1’ A1) = ad, (') An" + (=1)l2d 11y A ad, (n").
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Proposition 4.14. The center of (¥'*°, [, ]y) lies in the space of closed forms in T'(A*V°). In
the case when the leaves of V are the fibers of a submersion M 5 B, the only central elements of
(7**,[-,-]») are the locally constant functions.

Proof. Let n € ¥P4 be a central element. Then, for f € C®°(M) = ¥ and uy,...,u, € aut(M,V),

0=1[n, fl(ur,...,up) = [n(ur,...,up), fl = =(=1)%ia s n(u1, ..., up).
If ¢ > 1, then the above relation implies that n(u1,...,u,) =0, so n =0. If ¢ = 0, then n € I'(APV°)
is a differential form. For each Y € T'(V) € %!, one has

0=[Y,n]=Lyn=iydn,

which means that 7 must be a basic form, n € I'y,(APV°). This property implies that  commutes with
every element in I'(A**V). On the other hand, if v is a connection on (M, V), then Id —y € #!, and

0=[Id—,n] ="y =d]yn,

where we are using the decomposition of the de Rham differential d = dj, +dj,+dj ;. Since
n € D(APV?), one has dj ;1 = 0 and, since 7 is basic, dj; 7 = 0. Therefore, dn = 0, proving that 7
is a closed form. Furthermore, in the case when the foliation V is given by the fibers of a submersion,
then M is locally generated by global projectable vector fields. Thus, the fact that L, n = [u,n] =0
for all u € aut(M,V) = %! implies that n must be a function n € C°°(M) which is locally constant
by the closedness property. |

We now present an explicit formula for the computation of [, 7/]y in the particular case described
in Lemma 14.10

Lemma 4.15. If n € P! and i € D(AVIV), then for uy, ... Uptp € aut(M, V), we have

.0y (U, .. Upry) = Z (=) (g, gy )0 (Ugyyys - - - o, )]
O'ES(pypl)

- Z (_1)017,([77(u01""7u0'p)7uo'p+1:|’u0'p+27'"7u0'p+p/) (4.11)

oE€S(p,1,p/-1)

- (_1)1) Z (_1)077,(7]([’“01?“02]’ Uggy - - - 7u0p+1)7 Ugpios -+ - 7u0p+p/)'

T€S(2,p-1,p'~1)
Proof. Following the proof of Lemma forn =a ®u, and ' = B ® B, we have
7]y = (@A B)®[u,B]+ (aAL,B)®@ B+ (-1)’(daAi, ) @ B.
Let us show that this coincides with . By straightforward computations,

)] =a(tgy, ... e, ) B(Uoyrs - - o, ) [, Bl
+ a(uoy, - Ug,) Lu(B(Uopyrs - -5 Uo ) B

_ lB(ugp+1, e ,ugpﬂ),)u A id(a(ual,m,uap)) B,

[n(uap s 7u0'p)7 nl(u0p+17 st u0p+p/
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where the last term vanishes due to the fact that o € T'y(APV°) and B € T'(A?V). Also,

0 ([(tgys -3 Ue,)s Uoyyy |, Usyyns - - - ,ugp+p,) = a(Ugys -y Uo,) B([Us Uy ] Uy yns - - s Uo,, ) B
oy oy (@(toys U, ) B(U Yoy gy - - Yo, ) B,
7' (N([tgy s Ugy], Ugss - - - Uy )s Ugpyns - - - ,ugp+p,) =a([Uoy s Ugy]s Uggy -+ + 5 Ugpyy ) B(Us Ug gy - - ,ugp+p,)B.
It is straightforward to check that the evaluation of (aAB)®[u, B]+(aAL, 8)®@B+(—1)P(d aAi, B)®@B
on (ui,...,uptp) gives the corresponding signed sums of the above terms. |

Covariant exterior derivatives. An special class of elements in 71! are given as follows. Consider
a connection 7 on (M, V), that is, a vector valued 1-form v € T'(T* M ® T' M) which, viewed as a vector
bundle map v : TM — TM, has the following properties: im(y) = V, and 42 = . We claim that
(Id —v) € ¥11. Indeed, since y(Y) = Y for all Y € T'(V), it follows that (Id —v)(Y") = 0. Furthermore,
since I'(V') C aut(M, V), we have for all u € aut(M, V) that (Id —v)(u) = u—v(u) € aut(M, V), proving
the claim.

For a connection v on (M, V), and denote the adjoint operator of (Id —v) by d” := adjq_. For
n € D(APV), and uq, ..., upt1 € aut(M,V), we get from that

avn(ulv s vup+1) = Z(*l)o[(ld *7)('“01)’77(11’02’ s Uy )] (4'12)
o€S(1,p)

- Z <_1)U77([(Id _7)(u01)7 UU2]7 Uggs - - - 7u0p+1)

O'GS(l 1,p—1)
+ Z Id 7)([”017’&02])7,&037"'7uap+1)
UES(QP 1)
= Z Id - (utﬁ) 77<U<727 cee ’uUp+1)] - Z(_l)on([uapuaz]’u%a e auap+1)-
o€5(1,p) 0ES(2,p-1)

This formula is the so-called covariant exterior derivative of the connection v [77, Subsection 2.2], [15],
Section 4], [50, Subsection 4.2.2], [T1], Section 2]. On the other hand, recall that the curvature of vy is the
vector-valued 2-form RY € T'(A*'V), given on X,Y € T'(TM) by R'(X,Y) = v[(Id —v) X, (Id —7)Y].
Since RY = %[Id —v,1d —v]pn, we get that the square of the covariant exterior derivative is just the
adjoint operator of the curvature,

(87)* = 3[07,0"] = 3ladia—, adia—] = 5 ad[1d —y,1d -]y = adRr -

Explicitly,

(67)27’(“1’ v 7up+2) = Z (*1)U[R7(u017u02)7 77(“037 s 7u0p+2)]'
O'ES(Q’p)

Eqiuvalence equations revisted. Let us consider a vertical bivector field P € T'(A?V). Associated
with P, there exists an operation between horizontal forms @ € T'(V°), § € T'(APV°), given by [78,
Eq. (2.57)]

P

{QAOYp(uo, ... up) ==Y (=1){Qus), 0o, ..., Ui, .., up)kp, g, up € aut(M, V).

1=0
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where the bracket on the right-hand sums is {f,g}p := P(d f,d g). It is straightforward to verify that

This bracket appears in the equations arising in Theorem which can be rewritten as

These equations arise in the context of equivalence of Poisson structures over symplectic leaves [7§].

4.3 Coupling twisted Dirac structures and its cohomology

4.3.1 Geometric data and coupling structures with background

Following Section we introduce, for the case of twisted structures, some notions associated
with Poisson foliations with background. As we will see, these notions are closely related with the
description of coupling Dirac structures with background via geometric data.

Definition 4.16. Let ¢ € T(A3T*M) be a closed 3-form. A 1-Poisson foliation is a triple (M, V), P)
consisting of a regular foliation V and a leaf-tangent bivector field P € T'(A2V) which is 1-Poisson,

1P, P] = —P%y.
Additionally, a connection v € T'(T*M ® V') is said to be 1p-Poisson on (M,V, P) if
[X,P] = Plix, VX e T(HY) Naut(M,V).

We remark from Section that the condition on a connection « to be -Poisson on (M, V, P) is
just that the y-horizontal V-projectable vector fields are cocycles of the complex associated with the
y-Poisson structure P, (I'(A*T'M),0p.),

T'(H") naut(M,V) C Zp,(M).
Equivalently, the 1-Poisson connection condition is equivalent
(X, P)(p,v) = Prix o(p,v), VX e T'(H”), and pu,v € T'(A7).
Finally, we recall that the curvature R € T'(A2TM ® V) of v is defined by
R'(X,Y) =~[Id —v)X, (Id —)Y], VX, Y € TM.
Now, we describe the geometric data associated with V-coupling Dirac structures with background.

Definition 4.17. Let ¢y € T'(A3T*M) be a closed 3-form. A triple of geometric data (P,~,0) on
(M, V) are said to be 1-Dirac elements on (M, V) if the following relations hold for all X,Y,Z € I'(H")
and p,v € T'(A7):

[P, P] = — P, (4.13)
[X7P](M7V):PﬁiX¢(uay)v (414)
RV(X,Y)=—Pliyix(do +v), (4.15)
(do+9)(X,Y,Z) =0. (4.16)
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Condition says that the triple (M, V), P) is a -Poisson foliation, and the property is
equivalent to the fact that the connection « is ¥-Poisson on (M, V, P). Also, condition means
that the curvature of « is locally Hamiltonian, via the closed form d o + 2.

The goal of this Section is to show that Dirac elements are precisely the geometric data associated
with a Dirac structure with background. To do so, fix a maximally isotropic subbundle D C TM.
Let (P,~,0) be its associated geometric data, in the sense of Propositions and Then, D =
DY, @ D%, where

DY, = Graph(P*|ar) = {P*p@p|pe A7},
D%, := Graph(—c’|g+) = {X & (—ix o) | X € H'}.

Now, fix a closed 3-form v € T'(A3T*M). We now proceed to find necessary and sufficient conditions
for the closedness of I'(D) under the 1-Dorfman bracket (1.9)) in terms of the splitting D = DY, & DZ,,.

Lemma 4.18. Property [T'(DY,),0(D%.)]y C (D) is equivalent to (&13)) and (&14).
Proof. Given p,v € I'(A7), we have
[Pt p, Plv & vy = [P, PPv] @ {u, v} py,

where {-, -} p, is defined as in (1.11)). Since, P € I'(A?V), and V is involutive by hypothesis, it follows
that [P*u, Pfv] € T'(V). Therefore, [P*u® u, Pv ® v]y, € T'(D) if and only if [Py, Pv] @ {i,v}py €
I'(D%.), which, by definition of DY, is equivalent to

[Phy, P = PH{ju, v}y and {1V} py € T(AY).

The first equality holds for all u,v € I'(A7) if and only if P is a 1-Poisson structure (in fact, since
P € T(A%V), both sides vanish whenever u € I'(V°) or v € I'(V°)). The second identity is just
{u,v}py(X) =0 for all X € HY, which, by Lemma is equivalent to (4.14)). [ |

Lemma 4.19. Property [I'(D%), (D% )]y € I'(D) is equivalent to and ([4.16)).
Proof. Given X,Y € I'(H"), we have X ® (—ix 0),Y @ (—iy o) € I'(D%). Then,
[X&(—ix0),Y @& (—iyvo)]y =[X,Y]® (Lx(—iy o) —iyd(—ix o) —iyix ¢)
=[X,)Y]® (~ixy o —iyix(do + 1))
= (Idry =X, Y] @ (= igdgy, —)[x,v] 7)
+ RV(X,Y)® (—iyix(do +1)).

Observe that (Idry —7)[X, Y] @ (= i1dpy, —y)x,v) 0) € T'(D%-) C (D). Therefore,
[X @ (—ixo0),Y ® (—iyo)]y € (D)
if and only if
RV(X,Y) & (—iyix(do +¢)) € T(D,).
This is equivalent to

RY(X,Y) = —Ptiyix(do + 1), and iyix(do+¢)(Z2)=0 VYZeT(H).
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Lemma 4.20. Property [I'(D%,),T(D%.)]y CT(D) is equivalent to (.14) and (4.15)).
Proof. Take X € I'(H") and p1 € T'(A7). By straightforward computations and Lemma [B.4] we obtain
[X & (—ix o), PPue ply =(iulX, P] — iy Pix ¥) @ (ips,ix do +ips, dix o)+

+i, Plix Y @ (—v) + P Lx u @ (Lx gt + iy mv o)+

+ 06 (_iPﬁuiXdU — _iiXR“/ M)
Here, a € I'(V°) and v € I'(A7) are such that a + v =1ip;, ix ¢. Observe that

i, Plix ¢ & (—v) € (DY),
Pt Lxpe (LX W4y Ry M) € F(Df;—y),
ips,ix do +ips, dix o = —0"(i[X, P] — i, PYix ).

Indeed, just observe that P!(—v) = —P* ips,ix ¢ = iy Pix 1), due to the definition of the map

P A2T*M — A2T'M. The second claim follows from the properties of the curvature R?. The proof
of the third claim is,

—0"(iu[X, P] =i, Pix ) = —0" iu[X, P] = 0’ (P*Lx u — [X, P*p]) = —0’[X, P*p] = ips, Lx o,

where in the second equality we have applied Lemma Therefore, [I'(D%,),T(DE,)]y € I'(D) if
and only if, for all X € I'(H”) and pu € I'(AY), we have

(in[X, P] =i, PPix ¥) @ (ips, ix do +ips, dix o) € T(Df),
—ipu#ixda—a—iixpn,u =0.
The first assertion is equivalent to (4.14]). The second one is equivalent to (4.15]). ]
These lemmas can be summarized in the following result:

Theorem 4.21. Let 1) € T(A3T*M) be a closed 3-form, and let D C TM be a V -coupling Lagrangian
subbundle with associated geometric data (P,~v,0). Then, D is a 1-Dirac structure on M if and only
if (P,~,0) are v-Dirac elements.

We remark that the correspondence between V-coupling ¢-Dirac structures and -Dirac elements
is one to one. In the case ¥ = 0, we recover Theorem
4.3.2 The bigraded cochain complex

Let (M,V) be a foliated manifold, and fix a closed 3-form 1 € T'(A3T*M). Let us denote by V := TV
the tangent bundle of V and by V° := Ann(V') its annihilator.
Let (P,~,0) be 9-Dirac elements, and let D be its correspondent -Dirac structure,

D = Graph(—c’|z+) ® Graph(P¥| 4+)
Let us denote H := HY & A7. Observe that the map ¢ : H — D, given by

O(X ®p) = (X + Pu)®(—ixo+ )
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is an isomorphism. On the other hand, recall that D has a Lie algebroid structure, where the anchor
pp : D — T'M is the restriction of the canonical projection TM — T'M, and the bracket [-,-|p is the
restriction of the y-Dorfman bracket

[[X@a,YEBﬁ]]w =[X,Y]® (Lxp—iyda—iyix ), VX®aYdpel(TM).

Since ¢ : H — D is a vector bundle isomorphism, we can pull back the Lie algebroid structure of D
to HL

Lemma 4.22. Consider the vector bundle map q : H — TM given by ¢(X @ pu) := X + Ptu, and the
bracket [, g : T(H) x T'(H) — T'(H) given on X, X' € I'(H") and p,v € T'(A") by the relations
(X, X'l = (Idra =) [X, X' @ (—ixsix(do + ),
(X, V] i= (Idpa —)[X, P'] @ (Lx v — ips, ix(d o + ),
s V)i = 0@ {1, v} .

The isomorphism ¢ : H — D satisfies ¢ = ¢ o pp, and ¢[&,nlm = [#(£),d(n)]p for all {,m € H. In
particular, (H, q, [, -]m) is a Lie algebroid isomorphic to D.

Proof. The fact that the bracket [, -]g is well defined follows from Lemmas 4.20. Now, note that
(ppo @) (X @) = pp(X + PPp) @ (—ix o+ p) = X + Pl = q(X @ p).
On the other hand, by applying (4.15)) and the computations of Lemma we get
¢[X, X'lu = ¢((Idras —7)[X, X'] & (—ix ix(do + 1))

= ((IdTM —’y)[X, X/] -+ Pﬂ(— ix/ ix(dO' -+ ¢))> D (— i(IdTM —[X, X170 — ix/ ix(dO' + w))
= ((IdTM —’}/)[X, X/] + RW(X, X’)) D (— i(IdTM —Y)[X, X0 — ix ix(dU + 7/1))
= [[X D (— ix O’),X/ D (— ix/ O’)]]¢
= [¢(X), o(X")]p-

Similarly, since P is -Poisson,

Olp, vVl = ¢(0 @ {p,v}py) = P, v}py @ {1, v} py
= [Pu, Pv] @ {n,v}py = [Pru® p, PPv & v]y

= [¢(n), (V)] D
Finally, the fact that ¢[X,v|g = [¢(X), ¢(v)|p follows from (4.15), (4.16) and arguments similar to
the proof of Lemma [ |

Due to the previous lemma, the cochain complex (I'(A*D*),3p) of the Lie algebroid (D, pp, [+, ]p)
of the Dirac structure D is isomorphic to the one of (H,gq,[-,-]Jg). On the other hand, observe that
the dual space H* is isomorphic to V = V° @& V via the canonical pairing. In fact, one can think of
a® v eV as an element .4, € H* by setting

Pagy(X @ p) = a(X) + p(v).
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This map can be extended to an isomorphism ® : I'(A*V) — I'(A*H*), which induce a cochain complex
structure on I'(A*V).

Let us describe the coboundary operator on I'(A®*V), in terms of the geometric data (P,~,0) and
the background 3-form 1. To do so, we need to consider the derivations of I'(A**V) described in
Subsections [4.2.2] and [4.2.3] namely, the derivations induced by 3-forms, and the adjoint operators
with respect to the bracket of (¥, [,-]).

For the rest of this section, let us fix f € C*(M), a € T'(V®), Y € I'(V), p,v € T'(T*M), and

u,v € aut(M,V). Associated with P and 1), consider the operator 9y ; := Op +jj(£’d1}), where Op := adp
is the adjoint of P € I'(A%°V), and jgi) is defined in terms of ((1.13) by (4.5).

o1 f =—PHdf,
d,1(u) = PHd(a(u)), (4.17)
S0,1Y (1, v) = Lps, (v(Y)) = Lpt, ((Y)) — {1, v} pyp(Y). (4.18)

The operator O10:=09, + J(l 9 is the sum of the covariant derivative of 7, Oy = ad(1q ) defined by

, and the operator JEDJ is defined as in Section [4.2.2] Then,

O1,0f(w) = Lad -y () />
al,Oa(ua U) = L(Id —¥)(u) (Oé(U)) - L(Id 7)) (Oé(u)) - a[u, U]7 (419)
310 (1, ) = [(1d —)(u), Y] + iy iy i 0 (4.20)

Now, let ¢ = 9] ot wg L+ —H/JO 3 be the bigraded decomposition of 1 with respect to «v. Then, the

3-form wQ 1 is a section of /\2VO ®T*M. As described in Section 2| there is an algebraic derivation
induced by 1/)2 1, namely, Jfﬁ Y defined by (4.6 . Since this derivation depends on the choice of ¢ and
v, let us denote it by Jl(z},y 1).

Finally, the operator of bidegree (2,—1) is O3 1 := S, + j(j;ﬁ_l), which is the sum of the negative

adjoint operator J, := — ad, with the algebraic derivation j(f;;l). Then,
62,,1]" == 0, 62’,104 == 0, 62,,1Y == Ly g — iy 1/};71 (421)

Proposition 4.23. The de Rham complex of the Lie algebroid H isomorphic to (I'(A*V),0), where
O =09p,1 + 91,0 + 92,1 are the bigraded operators defined above.

Proof. We need to show that ® 0 @ = Ay o ®, where IOy is the de Rham differential of H. Recall that
the adjoint operators are derivations of the exterior algebra I'(A*V). Therefore, it suffices to show
that @00 = Ago® holds on I'(V). Pick a € I'(V°), and v € I'(V'). Then, for u,v € I'(HY) Naut(M, V)
and p,v € (A7), we get

(®od)a(u,v) = ®(Aa)(u,v) = (31, 0a)(u,v) = Ly(a(v)) — Ly(a(u)) — afu, v]

Lq(u)(q)a(v)) - Lq(v)((ba(u)) - (I)a[u, U]H = aH(I)a(ua U)
= (Og o ?)a(u,v).
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Here, we have applied . Now, by , we get
(® 0 d)ar(u,v) = ®(da)(u,v) = ®(Sp1a)(u, v) = v(P d(a(u))) = — d(a(u))(P*v)
= —Lps,(a(u)) =0 — Lps, (a(u)) — 0
= L) (®a(v)) — L) (Pa(u) — Palu, v]m = OuPa(u,v)
= (Og o ®)a(u, V).

Moreover,

(® o Q)a(u,v) = ®(3a)(p,v) = ®(O-12a)(p,v) = 0 = Lpz,(0) — Lps, (0) =0
= Ly(u)(Pa(v)) = Lgw) (Palpr)) — alp, v]n = SuPalp, v)
= (O o D)a(u,v).
On the other hand, by ,

(@ 00)Y (u,v) = ®(AY)(u,v) = ®(A2,-1Y)(u,v) = Ly o(u,v) — iy 93 , (u,v)
= Ly(0) = Ly(0) = Y(—iviy(do + 1))
= Lyw) (®y (v)) = Ly) (Py (u)) — Py [u, v]a = Ou Py (u,v)
(aIHI ° ®)Y (u,v).
By applying
(®00)Y (u,v) = (Y )(u,v) = ®(310Y)(u,v) = [Id—7)(w), Y] + iy ipt, iu ¢
=Ly (v(Y)) = Ly v(Y) +ipt, iu (V)
= Ly(v(Y)) = Lps,(0) — (Luv —ipsy, iu(do +9))(Y)
= Ly@) (®y (v)) = Ly (Py (v) — @y [u, v]m = Su Py (u, v)
= (Omo?)Y (u,r).
Finally, by ,
(® 0 Q)Y (u,v) = ®(AY)(p,v) = 1Y (1, v) = Lps, (v (Y)) = Lps, (1(Y)) = {p, v} pyp(Y)
= Ly (Py (V) — Loy (@y (1) — @y [p, V] = OuPy (i, v)
— (Bw 0 @)Y (1, ),

Summarizing the above results, we arrive at the main result.

Theorem 4.24. Let o) € T(A3T*M) be a closed 3-form, and V be a reqular foliation on M. Denote
V:=VaeV withV :=TV and V° := Ann(V). Let also D C TM be a V-coupling Dirac 1-structure
with associated 1p-Dirac elements (P,7y,0). On T'(A*V), consider the coboundary operator O = Y

Pry,0
with bigraded components Ay 1, 01,9, and Oz _1 given by
0,1 .(1,0 (2,—1
Oy,1:=0Op +J§a¢)7 Og,1:= 0y +J§a,¢), 02,1:=0, +Jg7¢ )

Then, the de Rham complex (T'(A®*D*),0p) of the Lie algebroid of D is isomorphic to the bigraded
cochain complex (I'(A*V),9).
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Proof. Because of Proposition the pair (I'(A®V),d) is a cochain complex isomorphic to the de
Rham complex of the Lie algebroid H. On the other hand, ¢ : H — D is an isomorphism of Lie
algebroids, which implies that their corresponding cochain complexes are isomorphic. |

As a consequence of Theorem we have the following results [I5, Prop. 5.3], [50, Prop. 4.2.11].

Corollary 4.25. Let S be an embedded symplectic leaf of a Poisson manifold (M,II), and let N
be a coupling neighborhood of S. Let (P,~y,0) be the associated geometric data of II|n. Then, the
Lichnerowicz-Poisson complex (I'(A*TN,0rn) of Il in N is isomorphic to the bigraded cochain complex
(I(A®V),0py,0 = Op+0y+09,), where dp := adp, O, := adiq—~, O := ad_, are the adjoint operators
with respect to the bracket in Theorem [[.13.
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Introduction to Part III

This part is devoted to the study of infinitesimal automorphisms of Poisson manifolds carrying a
singular symplectic foliation, with applications to the description of the first Poisson cohomology and
the modular class in the semilocal context, around possibly singular symplectic leaves.

Given a Poisson manifold (M, ¥), the first Poisson cohomology Hg (M) is the quotient of the
Lie algebra Poiss(M, ¥) of Poisson vector fields by its ideal Ham(M, ¥) of Hamiltonian vector fields
(see Section . The Hamiltonian vector fields generate the distribution W#(T*M) C TM, which
integrates to a possibly singular symplectic foliation (S, w).

In the regular case, when rank W is locally constant on M, the choice of a subbundle v(S) C TM
normal to S, TM =TS @ v(S), induces the following short exact sequence which describes the first
Poisson cohomology [62), Section 2], [74]:

0 Hin(S) 5 HY (M) ™S ker(p) 0.
Here, the first term is the tangential component, which is independent of w, and just coincides with
the first foliated de Rham cohomology of S. The second term is the transversal component, consisting
of the v(S)-valued infinitesimal automorphisms of the symplectic foliation Y € I's.p(v(S)) which
correspond to the cohomologically trivial in H, gR(S ) transversal variations Ly w of w. In other words,
p: Psp(v(S)) — H3g(S) is given by p(Y) := [Ly w]. The above short exact sequence allows to
compute the first Poisson cohomology in some particular cases [25] B4 [64], 62, [74], [84].

One of our purposes is to generalize this result in the singular case. To this end, recall from
Section [2.5] that each embedded symplectic leaf S admits a tubular neighborhood N C M in which
the Poisson structure V¥ is coupling. Then, the Poisson structure splits into “regular” and “singular”
parts, ¥ = Uy + Uy, where Uy is the transverse Poisson structure of S. Furthermore, as we show in
Theorem the following holds:

5\ v Ty, ker(p: 2 )
0 — H'(Np,8) & Hy(N) 2% kel in o)

The first term, which is the tangential component, is the first cohomology of the de Rham - Casimir
complex (N3, ), consisting of the differential forms on S with values in Casimir functions of ¥y. The
coboundary operator d is defined by the covariant exterior derivative associated with \IlﬁH(T *N). The
second “transversal” term involves the kernel of an intrinsic morphism p from a Lie subalgebra A of
Poiss(N, ¥y/) to the second cohomology group H?(Np,9).

We present a geometric derivation of this result in the context of the description of infinitesimal
automorphisms of coupling Poisson structures [65} [77, [78]. Algebraically, this is Theorem applied
to the bigraded cochain complex in Corollary In the case when the symplectic leaf S is regular,
this result coincides with the short exact sequence of the regular case.

We also apply our result to two particular cases related with singular symplectic foliations. Firstly,
in Theorems and we formulate some sufficient criteria for the triviality of the first Poisson

cohomology of coupling Poisson structures. The key point is to regard (AV*® A) as a subcomplex of
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some foliated de Rham complex. Under some geometric conditions, the natural morphism between its
cohomologies in degree 1 is injective, so the triviality of the first foliated de Rham cohomology implies
the triviality of the tangential term. These criterion realize under some “flatness condition” for the
symplectic leaf. Combining this with the results of Conn [12], we derive Theorem

Secondly, the above result is also applied to the case when the Casimir functions of the transversal
Poisson structure Wy are projectable (foliated) with respect to the vertical foliation of the tubular
neighborhood. Using the fact that the de Rham - Casimir complex is isomorphic to the de Rham
complex of the symplectic leaf S, we illustrate the computation of H&, (N) by some examples.

We remark that the results presented in this context can be generalized to the Dirac case in order
to describe the first Lie algebroid cohomology of Dirac structures around presymplectic leaves [50, 67].

We also apply our results to the description of the semilocal properties of the modular class.

The modular class Mod (M, II) of an orientable Poisson manifold (M, II) is a distinguished element
of the first Poisson cohomology group Hj;(M) and gives an obstruction to the existence of a volume
form which is invariant under the flow of every Hamiltonian vector field [41], 83]. If the modular class
is trivial, then such an invariant volume form exists and the Poisson manifold is said to be unimodular.

In the regular case, when the rank of the Poisson tensor II is locally constant, we have the following
fact [1]: the modular class Mod (M, II) is equivalent to the Reeb class Mod(S) of the regular symplectic
foliation S of II (for the case codimS = 1, see [30]). For a transversally orientable regular foliation,
the Reeb class is the obstruction to the existence of a closed transversal volume element [31]. This
relationship leads to a geometric criterion: the triviality of the Reeb class of § is equivalent to the
unimodularity of the regular Poisson manifold (M,II). As a consequence, the unimodularity of a
regular Poisson manifold only depends on its characteristic (symplectic) foliation rather than the
leaf-wise symplectic form (see also [I4, Corollary 9]). Along with the standard approaches [31] ],
one can characterize the Reeb class in different ways, for example, by using the Bott connection [83]
Section 5] or, as the modular class of the associated Lie algebroid [22] [36].

We are interested in a generalization of these results to the case of Poisson manifolds with singular
symplectic foliations, for which it does not exist a direct analog of the Reeb class. Our goal is to
study the behavior of the modular class of an orientable Poisson manifold (M, IT) and formulate some
unimodularity criteria in the semilocal context, around a possibly singular symplectic leaf S.

Due to local Weinstein’s splitting theorem [82], the unimodularity of IT in a neighborhood of a
singular point is provided by the unimodularity of the transverse Poisson structure of the point. In
the nonzero dimensional case, we describe some obstructions to the semilocal unimodularity of the
leaf which are related to some “tangential” and “transversal” characteristics of S. In particular,
in Proposition [6.18 we show that the unimodularity of a transverse Poisson structure P of S is a
necessary condition for Mod(M,II) = 0. Moreover, it is proved in Theorem that, under the
vanishing of the modular class of P, some cohomological obstructions possibly appear in the first
cohomology of the associated cochain complex [71], [78]. It is shown in Theorem that, in the case
when the neighborhood of the leaf is “flat”, these obstructions are directly related to the Reeb class
of a foliation. In particular, this occurs in the regular case.

Our main results are based on the formula of Proposition for a bigraded decomposition of
the modular vector fields of coupling Poisson structures on a foliated manifolds, which involves the
modular vector field of the associated Poisson foliation. We also show in Proposition that the
modular vector field of the Poisson foliation is related to the Reeb class. Also, in Proposition we
study the behavior of the unimodularity property under gauge equivalence [79,[9]. A similar problem
for the Morita equivalence of Poisson structures was studied in [28], [14].



Chapter 5

Semilocal Splitting of the First Cohomology

A geometric description of the first Poisson cohomology group is given in the semilocal context, around
possibly singular symplectic leaves. This result is based on the splitting theorems for infinitesimal
automorphisms of coupling Poisson structures which describe the interaction between the tangential
and transversal data of the characteristic distributions. As a consequence, we derive some criteria
of vanishing of the first Poisson cohomology group and apply the general splitting formulas to some
particular classes of Poisson structures associated with singular symplectic foliations.

This chapter is organized as follows. In Section we briefly recall some notions and facts about
Ehresmann connections. In Section [5.2] we review some properties of coupling Poisson structures and
formulate the result on the Lichnerowicz-Poisson complex in coupling neighborhoods of a symplectic
leaf. In Section [5.3] we present our main results on the infinitesimal automorphisms of coupling
Poisson structures and give a proof of Theorem In the last three sections, the general
results are applied to some particular cases.

The contents of this chapter, with exception of Sections and were published in [71].

5.1 Covariant exterior derivatives

In this section, we recall some notions and facts in the theory of Ehresmann connections on fiber
bundles which will be used throughout the text (for more details, see [35], 65 [7]]).

Let E 5 B be a fiber bundle (a surjective submersion) over a manifold B. Denote by V :=
kerdm C TFE the vertical subbundle and by V° C T*FE its annihilator. The sections of the vector
bundles A7V and APV° are called the vertical g-vector fields and horizontal p-forms on with respect
to E 5 B, respectively. In particular, T(A'V°) = C®(E).

Recall that a vector field X € I'(TE) is said to be m-related to u € I'(T'B), if dtr o X = uo .
In this case, we say that X is m-projectable. It is clear that m-projectable vector fields form an R-Lie
subalgebra of I'(T'E), which will be denoted by 'z (TE). Given any vector subbundle F' C TE,
we will also use the notation I'z_p(F) := I'rp(TE) NI(F) throughout this text. Note that every
m-projectable vector field X € 'y, (TE) has the property [X,['(V)] C T'(V). Conversely, in the case
when the fibers of E > B are connected, this property characterizes the 7-projectability of vector
fields.

On the other hand, recall that an Fhresmann connection on E is a vector bundle morphism
v : TE — TE such that 2 = 7 and is the identity on the vertical subbundle, v(Y) = Y for all
Y € I'(V). Therefore, 7 induces a splitting

TE=H&YV, (5.1)
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where H = H” := ker 7 is the horizontal subbundle associated with . Conversely, given a subbundle H
complementary to V', one can recover the Ehresmann connection from H by settingy = pry, : TE — V
(the projection along H).

Suppose we are given an Ehresmann connection . The smooth sections of the vector bundles AP H
and AYH® are said to be horizontal p-vector fields and the vertical ¢-forms on E, respectively. The
horizontal lift of uw € I'(T'B) with respect to 7 is the unique horizontal vector field hor”(u) € T'(H)
which is m-related with u. Therefore, the horizontal lifts are m-projectable and hence, satisfy the
following condition:

[hor” (u), T (V)] C T'(V). (5.2)

Consider the C*°(B)-module Q(E) := T'(APT*B) ® coo(g) I'(AIV) of all p-forms on B with values
in vertical g-vector fields on E. In particular, by property (5.2), the Lie derivative Ly (y) leaves

invariant the subspaces I'(A9V) of vertical tensor fields. Hence, the vy-covariant exterior derivative
o]y : AFUE) — OPFL9(E) is defined by the standard formula

(51077)(110, UL, ..o, U Lhor'Y () n(uo, ULy ooy Uiy vy Up) (5.3)

@Mﬁ

z—l— ~
+ g in ul,uj] UQy vy Uiy e ooy Uy ey Up).
0<z<]<p

The curvature form Curv? € Q%l(E) of the connection 7 is given on uj,us € I'(T'B) by
Curv” (ug, ug) := [hor” (uy ), hor” (uz)] — hor” ([uy, usg]).

The Bianchi identity reads 810 Curv” = 0. Moreover, we have the identity

((610)277)(110, ey up+1) = — Z (_1>i+jLCurv7(ui,uj)n<u07 ULy .- ,ﬂi, e ,ﬁj, e ,up+1) (54)
0<i<j<p+1

which says that 610 is a coboundary operator if and only if the connection v is flat, i.e., Curv? =
0. Geometrically, the zero curvature condition is equivalent to the integrability of the horizontal
subbundle H.

The splitting induces the following H-dependent bigrading of multivector fields on E:

T(A\TE) = @D T(APITE), (5.5)
p+q=k

where APITE := APH @ A?7V. For any k-vector field A on FE, the term of bidegree (p,q) in
decomposition (5.5) is denoted by A,,. Moreover, the dual splitting T*E = V° @ HY induces a
bigrading of differential forms on F, as follows:

T(ANT*E) = € T(AWPV° @ AYHY).
p+q=Fk

We observe that there exists a natural identification

O2Y(E) = T(APT*B) ®ceo(p) C(E) 2 T(APV®).
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Indeed, one can associate to every n € QI];O(E) a horizontal p-form 7*n € T'(APV°®), given for
Xi,...,X, e(TE) and e € E by

(T ) (X1, .., Xp)(e) == n(dew(X1), ..., de (X))

Since V' = kerdm, it is clear that 7*n € I'(APV°). Therefore, if we fix an Ehresmann connection -,
then 7*n is uniquely determined by its values on horizontal lifts, namely,

(m*n)(hor™ (u1), ..., hor"(up)) = n(u1, ..., up).

Moreover, from (5.3), we get the relation

(3] on) = (d(7N))p11.0, (5.6)

where d is the exterior differential for forms on F.

5.2 Coupling neighborhoods

In this section, we recall some properties of coupling Poisson structures on fiber bundles and their
applications to describe the geometry of Poisson manifolds around its symplectic leaves. For more
details, see [50, [65] 77, [78].

Coupling Poisson structures. Let F 5 B be a fiber bundle and V° € T*E the annihilator of the
vertical subbundle V.

Definition 5.1. The Poisson structure defined by a bivector field I1 € T'(A*TE) is said to be a coupling
Poisson structure on the fiber bundle if

TE = H &V, where H :=II*(V°). (5.7)

Note that every coupling Poisson structure II has the bigraded decomposition of the form II =
IIs,0 + 12, where Ilog € F(/\QH) is a horizontal bivector field of constant rank, rank Il o = rank H,
and Iy o € T'(A2V) is a vertical Poisson tensor. The characteristic distribution of II is the direct sum
of the horizontal bundle H and the characteristic distribution of Iy »,

IF(T*E) = H & 1T ,(H").

It follows that the fibers of the projection 7 intersect the symplectic leaves of II transversally and
symplectically. Moreover, the restriction of Hg o :T"E — TFE to V° is a vector bundle isomorphism
onto H. 7

One can associate to a given coupling Poisson tensor II the geometric data (P,v, o) consisting of
the Ehresmann connection v € T'(T*E ® B) associated with the horizontal subbundle H = II*(V°),
a nondegenerated 2-form o € T'(A?T*B) Qe (B) C>®(FE), called the coupling form, and the vertical
Poisson bivector field P :=1lp2 € Q%Z(E). The nondegeneracy of the 2-form ¢ means that the vector
bundle morphism (7*¢)” : H — V° is an isomorphism. In terms of the horizontal part of II, the
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1
coupling form is given by (7*0)" = — (Hﬁzo ]Vo> . One can show that the geometric data satisfy the

structure equations

[P, P] =0, (5.8)

Lhorr ()P = 0, (5.9)
Curv? (u,v) = —P*do(u, v), (5.10)
9] g0 =0, (5.11)

for any w,v € T'(TB), which give a factorization of the Jacobi identity for II. Condition means
that the connection v on the Poisson fiber bundle (E = B, P) is Poisson. In general, the curvature
Curv? € Qél (E) of a Poisson connection takes values in the space of vertical Poisson vector fields of P.
The curvature identity says that Curv”(u,v) is a Hamiltonian vector field for any u,v € I'(T'B).
Moreover, the coupling 2-form o must be y-covariantly constant (condition ) We say that some
geometric data are integrable if they satisfy —.

Conversely, every integrable geometric data (P,~,0) defines a coupling Poisson tensor II on F
under the nondegeneracy condition for o.

Bigrading of the Lichnerowicz-Poisson complex. Following [I5], let us associate to the
geometric data (P,v,0) of a coupling Poison tensor Il € I'(A2TE) the following cochain complex.
Consider the Schouten-Nijenhuis bracket [,-] : T'(AMTE) x T'(ARTE) — T(AM*TF2-1TE) for
multivector fields on the total space E defined in such a way that the triple (I'(ATE),A,[,]) is
a graded Poisson algebra of degree —1 (see [21]). It is clear that the Schouten-Nijenhuis bracket of

two vertical multivector fields on F is again vertical. As a consequence, we can endow the bigraded
C*°(B)-module

me =Pmt,  wmh= P BB
k=0 p+q=k

with a structure of graded Poisson algebra of degree —1, (MM**, A, [-,-]). Explicitly, for n € Q%Y(E)
and 6 € Q’;’q/(E), we have [15, (0]

(MAO)(ut,. .. Upry) i= (—1)P'a Z sen(T)N(Ur(1), -5 Ur(p)) A O(Ur(pst)s - - 5 Ur(pip) )

[777 0] (ulv s 7up+p’) = (_1)p/(q71) Z Sgn(T)[W(UT(Ua R 7uT(p))7 9(“7(17—1—1)7 s 7“7(p+p’))]a
where u; € I'(T'B). Here, in the right-hand sides of these equalities, the symbols A and [-, -] denote the
exterior product and the Schouten-Nijenhuis bracket on I'(A*V'), respectively. Thus, every element
6 € QPY(F) induces a graded derivation adg of bidegree (p,q — 1), defined by the adjoint operator
adg(-) = [#, - ]. In particular, the vertical Poisson bivector field P € I'(A?V) induces the derivation
5p = adp : QBU(E) — Q%I (E) of bidegree (0,1) given by

(adpm)(ut,...,up) = (=1)P[P,n(u1,...,up)l.

This is a coboundary operator which gives rise to the vertical Poisson complex (EB;OZOQ%,q(E), ip).



5.2. COUPLING NEIGHBORHOODS 97

Now, using the geometric data (P,~,0), we can define an operator O : I*® — 9*® as the sum of
bigraded operators

9:=093 | +9],+9), (5.12)

where 05 _; := —ad,, 9] is the covariant exterior derivative (see Section , and 65 1 = dp.
Observe that the integrability conditions for the geometric data (P, , o) mean that O is a coboundary
operator, 3 =0. Indeed, computing the bigraded components of 62, we get that equations -
are equivalent to the following relations:

(3(1)3,1)2 =0,

3] 01 + 30197 =0,

ag,ﬂaég,l + a(l]g,lag,fl + (afly,o)z =0,
05 10 +9] (35 _; =0.

Moreover, by the Jacobi identity for the bracket on 9, one can show that (835 ;)% = 0.
Various versions of the following fact can be found in [I5, [50].

Proposition 5.2. Let I € T(A’TE) be a coupling Poisson tensor on E > B and let (P,,0)
be the geometric data associated with I1. Then the Lichnerowicz-Poisson complex (I'(A*TE),o11) is
isomorphic to the cochain complex (IN*®,0).

Proof. Consider the decomposition of multivector fields (5.5). Note that each A € I'(APYTE) can
be viewed as a C°°(B) p-linear skew-symmetric map A : I'(V°) x --- x I'(V°) — T'(A?V). Define
by A € MP4 by

(be A)(u1,. .., up) = (—1)PA((7*c)’ hor” uy, ..., (7*0)” hor” uy). (5.17)

for any u; € I'(T'B). We claim that the map b, : T(ATE) — 9 is a cochain complex isomorphism.
Since (7*0)°| i = — (Ta0|ye) " is a vector bundle isomorphism, it follows that b, is an exterior algebra
isomorphism. By the property that every graded derivation of I'(AT'E) is determined by its action on
C*°(E) and I'(T'E), it suffices to show that b, o 01 = A 0 b, holds on C*°(E), I'(V) and I'(H).

For every f € C*(E), we have (b, 0 o11)(f) = bo[Il20, f] + [P, f] and (Q0b,)(f) = 3] of + [P, f].
Moreover, by [[T2,0, f](u) = df (hor” u) = 3]  f (u). ’

Next, let X € I'(V). By bigrading arguments, the equality (bs o or1)(X) = (30 b,)(X) splits
into three equations: b,[II, X1 = aloX, oI, X]o2 = dpX, and b,[lI, X]o 9o = —ad,X. For the
first equation, by definition, we have by[IL, X]11(u) = [hor?u, X] = 0] X (u). The second one
holds because of [IIz, X]p2 = 0. The last equation follows from I)U[H,X]ng(u,v) = [X,o0(u,v)] =
—ad, X (u,v).

Finally, for X = hor” u, u € I'(T'B), the equality (b, 0d1)(X) = (dob,)(X) splits into the following
relations: 0] )by (X) = bo[IL, X120, 0pbe(X) = bs[II, X]1,1, and 0 = b,[IL, X]o2. The verification of
these equalities is straightforward by using the structure equations —. ]

As a consequence of Proposition [6.2] we conclude that the infinitesimal automorphisms of the
coupling Poisson structure II are determined by the 1-cocycles n = 11,0+ 0,1 € Zé of @ which are the
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solutions to the equations:

o1 (10,1) = 0, (5.18)
& o(m0,1) + 31 (m0) =0, (5.19)
3 o(m1,0) + 93 _1(10,1) = 0. (5.20)

In the next section, we describe the infinitesimal automorphisms of coupling Poisson structures in
terms of the solutions of these equations.

Coupling neighborhood of a symplectic leaf. Let (M, ¥) be a Poisson manifold and B € M
an embedded symplectic leaf. Let 7: E — B, E =TpM /T B be the normal bundle of the leaf. By a
tubular neighborhood of a symplectic leaf B, we mean an open neighborhood N of B in M together
with an exponential map f : U — N, that is, a diffeomorphism from an open neighborhood U of the
zero section B — E onto N satisfying the conditions: f|p =idp and vodpf = 7. Here, 7: TpE — E
is the projection along T'B according to the decomposition TgEF =TB & F and v : TgM — FE is the
natural projection. These properties imply that the differential dgf : TgE — TpM sends the fibers
of the normal bundle to transverse subspaces to the leaf B C M, TgM =TB & (dpf)(E).

Definition 5.3. A tubular neighborhood (N,f) of the symplectic leaf B of (M,WV) is said to be a
coupling neighborhood if the pull-back 11 := £*(V|y) is a coupling Poisson structure on the fiber
bundle myy : U — B.

Given a coupling neighborhood (N, f) of B, we have the bigraded decomposition II = II3 g + Il o.
Hence, ¥|y = ¥ g+¥y, where ¥ = £,I15  is a bivector field on N of constant rank, rank Uy = dim B,
and ¥y = f.Ilpo is a Poisson tensor on NN vanishing at B and tangent to the vertical subbundle
df (ker dmyr) € T M over the tubular neighborhood. The bivector field Wy is said to be a transverse
Poisson structure around the leaf B and can be viewed as the result of gluing the local transverse
Poisson structures on the vertical fibers due to the local splitting Weinstein theorem [82]. Furthermore,
one can show that the different choices of exponential maps lead to isomorphic transverse Poisson
structures. Notice that, in the case when the symplectic leaf B is regular, the coupling neighborhood
N may be chosen in such a way that the transverse Poisson structure is identically zero, ¥y = 0.
This follows from the property: rank,, ¥V = dim B + rank,, ¥y for every m € N. Observe also that
the linearization of Ily o at B gives a vertical fiberwise linear Poisson structure H(()g. This Lie algebra
is called the linearized transverse Poisson structure of the leaf B [82], which is well defined on the
whole total space E. As a consequence, we get an intrinsic locally trivial Lie-Poisson bundle (F, Hélg)
over B whose typical fiber is the co-algebra g* of a Lie algebra g called the isotropy algebra of the
symplectic leaf.

As is known [77], each embedded symplectic leaf B admits a coupling neighborhood and hence, by
Proposition the computation of the Poisson cohomology around B is reduced to the study of the
bigraded cochain complex (99t*®, Q) attributed to a coupling Poisson structure II.

5.3 Infinitesimal automorphisms of coupling Poisson structures

Suppose we are given a coupling Poisson tensor II on a fiber bundle 7 : £ — B associated with
an integrable geometric data (P,v,0). As we saw in the previous section, the infinitesimal Poisson
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automorphisms of IT are related to the solutions of equations (|5.18] - Our goal is to describe
these solutions in terms of the geometric data (P,~, o). To formulate the main results, let us introduce
the following objects.

The coboundary operator d’. Consider the space Casim(F, P) of all Casimir functions of the
vertical Poisson tensor P on E. It is clear that 7*C>(B) C Casim(E, P). For each p € Z, define the
C*(B)-submodule N7 C Q2°(E) by

NP = QP(B) X oo (B) Casim(FE, P).

In particular, /\/ U = Casim(F, P). Since the Poisson vector fields of P preserve the space of Casimir
functions, by (5.9) and definition (5.3)), we have 810(N P) C NPT Hence one can define the operator

3" = ylne- (5.21)

Then, by and the curvature identity -, we conclude that ' is a coboundary operator
3 0d = 0 The pair (N*,0 ) is call the de Rham-Casimir complez. The p-cohomology space of O

zz,
is Hg = Bp , where Z2 Sy and BEW are the spaces of 3’ -closed and O '-exact p-forms, respectively.

COHSlder the Lie algebra Poiss(FE, II) of Poisson vector fields of the coupling Poisson structure II.
Let g : 0k O(E) — I'(H) be a linear mapping given by

1 (a) =TT o (7" ).
By the horizontal nondegeneracy of IIs o, it follows that #5 : Q}éo (E) — I'(H) is an isomorphism.

Lemma 5.4. The image of the space of 1-cocycles Z%W under the isomorphism §x coincides with the
space of Poisson vector fields of I1 tangent to the horizontal distribution,

t1(Z3) = T(H) N Poiss(E, I1). (5.22)

Proof. Consider the vector bundle morphism II# : T*M — TM associated with the bivector field
II. For every 2-form p € Q%(E), one can associate a bivector field IIfy € T(A?TE) defined by
(IT8 1) (1, m2) := p(ITfny, TI¥92). Then, one has [II, I (7*a)] = —TI*(d7*a). Moreover, we observe that,
for any € Q'(E) and p € Q*(E) such that 19, = 0 and g2 = 0, the following identities hold:
iy = Hﬂ2 o7 and H2 ot = Hg 02,0 Setting n = m*a, and p = dn*a and combining these properties

with (5.6 -, we get

[T, #11()] = [IL 1T (7)) = [IL, I(x"0)] = ~TF(dn"a) (5.23)

and
I o (7% (3" ) = T15 o (drr* a)a 9 = 1T o (d7* ). (5.24)
Finally, observe that v € A" if and only if ip:, dm*a = 0V € Q' (E), which is equivalent to 4 (dr*a) =
Hg’o(dﬂ'*a). Therefore, from and ([5.24), it follows that [IL, f7 ()] = 0 if and only ifd'a=0. W

Remark 5.5. Notice that Lemma can be deduced from Proposition [5.2 Indeed the cochain
complex isomorphism b, : D(ATE) — M satisfies §g = —bolrem) ™" Thus, tiH( Y(E) N zZy) =
I'(H) N Poiss(E,II). Since ZéW = Q}B’O(E) N Z3, the result follows.
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The Lie algebra A”. Let Ham(E, P) C I'(V) be the Lie algebra of Hamiltonian vector fields of the
vertical Poisson tensor P on E. Consider the Poisson connection v on (E, P). The set of all vertical
Poisson vector fields is a Lie algebra

Poissy (E, P) := {Y € [(V) | Ly P = 0}
for which Ham(FE, P) is an ideal. Furthermore, by (5.2) and (5.9)), we have
[hor” (u), Poissy (E, P)] C Poissy (E, P) Vu € T(T'B).

One can associate to the triple (E, P,v) the subspace A”YC Poissy (E, P) of vertical Poisson vector
fields determined by the condition

[hor”(u), A”] C Ham(E, P) Vu € I'(T'B)
or, more precisely,
A7 :={Y € Poissy (E, P) | [hor"(u),Y] € Ham(E,P) Yu e I'(TB)}. (5.25)

Observe that A7 is a Lie algebra and Ham(FE, P) C A" is an ideal. These properties follow from the
identity

[X, P*dF] = P*dLx F

for any Poisson vector field X of P. Moreover, for every Y € A7 there exists a 1-form By € Q}B’O (E) =
OY(B) ®cee(py C*°(E) such that

[hor? (u),Y] = —P*dBy(u)  Vu € T(TB). (5.26)

This follows from a partition of unity argument applied to an open coordinate covering of the base B,
and the fact that P is vertical.

The homomorphism p7: A" — H%W. Given an arbitrary vector field Y € AY and fixing a 1-form
By € QY(B) ®cee(p) C*(E) in (5.26)), we associate to Y an element 7y € Q(B) @ceo(p) C°(E) given
by

Ty = a’ly’oﬁy + Lyo. (5.27)

Here, the Lie derivative Ly : Q37 (E) — QY(E) along an arbitrary vertical vector field Y is given on
uy,...,ur € D(TB) by the formula (Lyn)(ui,...,ur) := Ly(n(ui,...,ux)). Note that we also have
the equality Lyo =7 ;Y.

By using the structure equations —, one can show that the 2-form 7y takes values in
Casimir functions, 7y € N?. Indeed, from (5.27)), we have

Ty (U1, u2) = Liorv (un) By (U2) — Lhorv(ug) By (w1) — By ([u1, uz]) + Ly o(u, ug). (5.28)

Next, for every Poisson vector field Z of P, we have L o P! = Pfo L,. Using this property, equality

(5.28)), the curvature identity (5.10) and (5.26)), by direct computation we verify that Pidry (u1,us) =
0.
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Now, we observe that the 2-form 7y is év-closed, d'ry = 0. Indeed, this can be verified by

straightforward computations and by applying again ((5.27)), (5.4]), (5.10)), (5.26[), and (5.11]). Moreover,

the cohomology class [ry] € ng is independent of the choice of By in (5.26)). To see this, observe

that any other element 3}, € Q}B’O(E) satisfying (5.26) is of the form £}, = By + cy for some ¢y € N1
Then, the corresponding 7y and 7 are related by 74 = 7y + 9 ¢y and hence, [r,] = [ry]. So, we
have proved the following fact.

Lemma 5.6. There exists an intrinsic homomorphism

p’ A — HZ, (5.29)
which assigns to every vertical vector field Y € A7 the gy—cohomology class of the 2-form Ty,

FIY) = [ry].

It is easy to see that every Hamiltonian vector field of P belongs to the kernel of p?7 and hence we
have the inclusions:
Ham(E, P) C ker p” C A7 C Poissy (E, P). (5.30)

Consider the projection pry, : I'(T'E) — I'(V) associated with the splitting TE = H®V, pry,(X) =
Xo,1. It is clear that ker pry, = I'(H).

Lemma 5.7. The image of Poiss(E, 1) under the projection pry, coincides with the kernel of p?,
pry (Poiss(E,II)) = ker p7.

Proof. Let Z € Poiss(E,II) be an infinitesimal automorphism of II. Since the map #5 : Q}B’,O(E) —
I'(H) is an isomorphism, there exist unique Y € I'(V) and § € QEO(E) such that Z = —fgS+Y. Let
us show that Y € ker p7. If b, : (T(A®TE), 611) — (9M°**, ) is the cochain complex isomorphism (5.17)),
then b,Z = B+ Y. Since Z € Z}(E), we have 3+ Y € Z1. Explicitly, this means that n:= 8 +Y

must satisfy equations ([5.18))-(5.20). Note that (5.18)) means that Y € Poissy (E, P). Moreover, by
evaluating the left-hand side of (5.19)) on uw € I'(T'B), we get that 5 and Y satisfy (5.26)), so Y € A".

Finally, implies that 7y = 0 and hence, p?(Y) = 0, as desired. Conversely, pick an arbitrary
Y € kerp?. Since ker p? C A7, there exists a 1-form Sy € Q}E;O(E) satisfying (5.26]). Next, by the
definition of p?, there exists a primitive ¢y € A'! of the 2-cocycle 1y € ng in so that 570y = Ty.
Then, one can easily verify that

Xy = *ﬁH(ﬁy — Cy) +Y e POiSS(E,H). (5.31)

This means that every element Y € ker p? can be extended to a Poisson vector field X of II in the
sense that X1 =Y. [ |

Corollary 5.8. The Poisson vector fields of the coupling Poisson structure 11 are of the form
ﬁH(OJ) + Xy, (5.32)

where o € ZéW and Y € ker p? C A7 are arbitrary elements.
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In particular, it follows that a Poisson vector field X € Poiss(E,II) is tangent to the symplectic
foliation of II if and only if pry (X) is tangent to the symplectic foliation of the vertical Poisson
structure P.

By Lemma and Lemma we conclude that Poiss(F, IT) fits into the short exact sequence of
vector spaces

0— Z%W RLN Poiss(E,IT) 2% ker p7 — 0. (5.33)

Summarizing the above considerations, we get the following splitting theorem for infinitesimal
automorphisms of a coupling Poisson structure.

Theorem 5.9. Let IT = Ilp o + P be the coupling Poisson tensor on E and (P,~,0) its integrable
geometric data. Let (AW,éw,pV) be the associated set up. Then, there is a vector space isomorphism

Poiss(F, IT) = Zélw @ ker p’. (5.34)

Now, let us consider the spaces of Hamiltonian vector fields Ham(F,II) and Ham(E, P) of the
Poisson structures IT and P, respectively. Recall that the space BéW consists of @ -exact 1-forms o'k,

with k& € Casim(E, P). Then, by using and the fact that P#(dk) = 0, we get
£ (k) = II5 o (" (k) = II5 o (dk)1,0 = IT5 odk = I*dk.
This shows that the image of Béa, under the mapping fg belongs to Ham(FE, IT) and is of the form
tr(BL) = {115 odk | k € Casim(E, P)}.
Furthermore, we have the following result.

Proposition 5.10. There is a short exact sequence:
0 - BL, % Ham(E, 1) ™% Ham(E, P) — 0. (5.35)

Proof. By the nondegeneracy property of Hg,o» the mapping # is injective and hence, ker iy = {0}. On
the other hand, by the bigraded decomposition II = II5 o + P, we conclude that idf = Hgyodf + Pidf.
This implies the equality pry,(Ham(E,IT)) = Ham(FE, P). It follows also that pry, (IT¢df) = Ptdf = 0
if and only if f € Casim(E, P) and hence, ker pry, = Imfy. [ |

We observe that a necessary condition for a vector field X being Hamiltonian relative to II and a
function f is that, the vertical part Xp; of X is Hamiltonian relative to P and the same function f.
Notice also that the Poisson vector field #z(«) is Hamiltonian relative to IT if and only if « is d'-exact.

By , , we have the following short exact sequence of the cohomology spaces

Zélﬂf 524 POiSS(E,H) pry, ker p”7

0.
BL ~ Ham(E,NI)  Ham(E,P)

0—

So, we arrive at the main result.
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Theorem 5.11. Let II be a coupling Poisson tensor on a fiber bundle © : £ — B, with associaled
geometric data (P,7,0). Let also (N3,0) be the de Rham - Casimir complex of P and vy, and consider
the map p? : AV — ng in (5.29). The first Poisson cohomology of (F,1I) is

ker p”

o (B P (5.36)

Hy(E) = HY @

By taking into account the facts in Section [5.2] we derive the statement of Theorem [5.12] as a
consequence of this result.

Theorem 5.12. Let S C M be an embedded symplectic leaf of the Poisson manifold (M, V). Then,
there exists a tubular neighborhood N of S in M such that

U=Uy+ Ty on N,

where Vg is a bivector field on N of constant rank, rank Vg = dim S and Vv is a Poisson bivector
field on N wvanishing at S. Moreover, the first cohomology group of the Poisson structure V fits in the
following short exact sequence:

. — pry, ker{p: A — H?(Np,9)}
0 — H (Ny,0) = Hy(N) — Ham(N, Uy)

Regular symplectic leaves. As mentioned in the introduction, formula coincides with some
well-known results [62, [74] in the regular case. Recall that the semilocal model for a Poisson structure
¥ on M around an embedded regular symplectic leaf (B,wp) is represented by a coupling Poisson
structure II on the normal vector bundle 7 : E — B with associated geometric data of the form
(P =0,7",0 = wp ® 1+ C) and having the zero section B < E as a symplectic leaf. Here, 7° is a
flat Ehresmann connection on F whose horizontal distribution is just the tangent bundle T'S of the
symplectic foliation (S,w) of II. The coupling form o is determined by the symplectic form wp of the

leaf and a ano—closed 2-form C € Q%O (E) vanishing at B.
Proposition 5.13. We have the following relations:
0 .
Hgvo ~ {1 (S) and kerp” ={Y € Fs.n(V) | Lyw is ds-ezxact} .
Proof. Because of the triviality of the transverse Poisson structure of B, we have Casim(FE,P) =
0
C>(E). Then, taking into account that (N®,d" ) = (QEO(E),alOO), we conclude that there exists

0
a natural identification of the cochain complexes (I'(AT*S),ds) and (N3’ ). In particular, the
leafwise symplectic form w of II coincides with the coupling form o. Moreover, by definition (/5.25))
and the relations Poissy (E, P) = I'(V') and Ham(E, P) = {0}, we get that

A" ={y eT(V) | [hor™(u),Y] =0 Vu e T(TB)}

coincides with the space of vertical vector fields preserving the symplectic foliation, A" = Fspe(V).
So, we can think of the homomorphism p?" : A7 — Hgvo as a mapping s (V) — H3g(S) which
sends an element Y to the ds-cohomology class [Lyw]. |

In the next three sections, we discuss some other particular cases to which formula ([5.36)) can be
effectively applied.
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Spectral sequences. Here we briefly discuss an alternative algebraic approach to the computation
of the first cohomology of the bigraded complex introduced in Section (see also [62] [64], for the
use of spectral sequences in the computation of Poisson cohomology).

Consider the nonnegative cochain complex (IM* = @, ., M", ), where

mr = P BUE)
p+g=n
and the differential operator O is given by (5.12)). Consider a filtration F' of 9 defined as
n kn—k
Froamt = @ Q" H(E).
p<k<n

Then,
m" = FOm" 5 F'owt S -5 From = QF°(E) 5 FrHa = {0}

and hence the filtration F' is bounded [47]. Moreover, the bigraded decomposition (5.12)) provides the
inclusions ( FPON™) C FPO™H! for all p and n. Therefore, (9,0, F) is a graded filtered complex.

Now, consider the spectral sequence (E,,d;),>o associated with (91,0, F). Observe that
(Er,d;)r>0 is a first quadrant spectral sequence.

Lemma 5.14. The spectral sequence (Ey,d;)r>0 converges to the cohomology of the cochain complex
(9, 0). Moreover, we have the following isomorphism of vector spaces

HY (M, 9) = B, @ By’ (5.37)

Proof. Since (E,,d,);>0 is a first quadrant spectral sequence, for every p,q € Z we have E&! = EXY,
where N = max{p + 1,q + 2}. Then, the convergence and relation (5.37) follow from the fact that F
is bounded (see [47]). [ |

To compute Eé’o and Eg ! in the notations introduced in Section we use the explicit general
formulas for the E-terms of a spectral sequence, given as in [2I, Subsection 2.4.1]:

Pq — ker(Q|gnp+q) N FPOPHT 4 FPrignrta
 Im(Q|gpp+a—1) N FPMPHa 4 FPHLgN0+a’

r > max{p+ 1,q + 2}.

The direct computations give

1
EI’O . ker(a\ml,o) . Zéw . Hl
2 Im(9] —BL v
m( 1,0|kera{ilmm0) S
B ker(Qlgt) + M0 pry (ker(Slyn)) & M0 ker p7

Im(Algpo) + ML pri,(Im(Sfgno)) & M0 Ham(E, P)’

where we use the relations: pry (ker(3|gn1)) = ker p? and pry, (Im(9|gno)) = Ham(E, P), where the last
one follows from Lemma This shows that formula ([5.37)) coincides with (5.36]) under the cochain
complex isomorphism b, (see the proof of Proposition .
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5.4 Vanishing of the first Poisson cohomology

Here, by using the results of the previous section, we present some sufficient conditions for the vanishing
of the first Poisson cohomology.

Let 7 : E — B be a fiber bundle. Suppose that we start again with a coupling Poisson tensor II
on E with associated geometric data (P,~y,0). We make the following assumptions. Assume that the
first vertical cohomology group of P is trivial, that is,

Poissy (E, P) = Ham(E, P). (5.38)

It follows from and that the horizontal lifts of every u € I'(T'B) with respect to two
Poisson connections on (F, P) differ by a Hamiltonian vector field. Then, by and definition
, we conclude that the coboundary operator 3 is independent of the choice of the Poisson
connection vy on (F 5 B, P) and will be simply denoted by 9. Therefore, under condition ,
one can associate to the Poisson bundle the intrinsic cochain complex (N* = @&,N? ,0). Taking into
account (|5.38]) and , we conclude that ker p? = Ham(E, P) and hence,

Poiss(E, 1) = Zal @ Ham(FE, P).
So, in this case, formula ([5.36)) for the first Poisson cohomology of II reads

Hy(E) = Hy. (5.39)

Next, let us assume that (E, P) is a flat Poisson bundle, that is,
there exists a flat Poisson connection 4° on (E, P). (5.40)

Equivalently, condition ([5.40)) can be reformulated as follows: there exists a regular foliation F on E
such that
TE =TFaV (V :=kerdn) (5.41)

and every m-projectable section of T'F is a Poisson vector field on (E, P),
Ly;P=0 VZ € Trpe(TF). (5.42)

Then, the horizontal subbundle H 7* of the flat Poisson connection 79 is just the tangent bundle T'F of
the foliation. Recall that T'zpr(TF) = {hor’y0 (u) | w € T(TB)} denotes the space of all m-projectable,
~%-horizontal vector fields on E.

Let QP(F) := I'(APT*F) be the space of foliated p-forms on E. In particular, Q°(F) = C®(E).
Consider the foliated de Rham complex (Q°(F) := @,z W (F),dF), where dr : QF(F) — QPFL(F) is
the foliated exterior differential given by the standard formula

(drp)(Xo, ..., X,) ::Z(—UiLXi(M(XO, X X))

=0
+ Z(—l)i+ju([Xi,Xj], X(), ce ,Xi, . ,Xj, ey Xp)

1<j
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The cohomology of (Q*(F),dr) is called the foliated de Rham cohomology and denoted by Hjp (F).
Observe that (Q*(F),dr) is isomorphic to the cochain complex (F(/\*VO),dY,Oo), where dloo is the
component of bidegree (1,0) of the exterior differential relative to the flat connection «° [65]. More
precisely,

0
di oB(Yo, ..., Yy) := dB(prFYo, - -, pTFY))

for any 8 € T'(APV°) and vector fields Yo, . Y on E. Here, prr : TE — TF is the projection
along V. It follows from and ) that ( ),afo) is a cochain complex is isomorphic to
(D(AV°), df ).

Now let us associate to the flat Poisson bundle (E = B, P,F) the following subalgebra of
Hamiltonian vector fields:

Hampg(E, P) :={Y € Ham(E, P) | [Y,Trp:(TF)] = 0}.

Observe that a Hamiltonian vector field Y on (E, P) belongs to Hamrz(E, P) if and only if the flow
of Y preserves the foliation 7. Let C¥(F) := {H € C*®(E) | drH = 0} be the space of smooth
functions on F which are constant along the leaves of F.

Theorem 5.15. Suppose that in addition to hypotheses (5.38)), (5.40), the following conditions hold:

(i) the first foliated de Rham cohomology group of (E,F) is trivial,
Hig(F) = {0}; (5.43)

(ii) the subalgebra of Hamiltonian vector fields on (E, P) preserving the foliation F is generated by
the subspace CF(E),
Hamr(E, P) = {P*H | H € C¥(E)}. (5.44)

Then, the first Poisson cohomology of the coupling Poisson tensor Il vanishes,
HE(E) = {0}. (5.45)

Proof. First, we observe that condition (b.44]) can be reformulated as follows: For every function
f € Cg with property:

Lzf € Casim(E, P) VZ € Tppe(TF), (5.46)

there exists g € Casim(E, P) such that
d]:f = d}-g. (5.47)
Indeed, it follows from (5.46), (5.47) that [P%df,Z] = —P*dLzf = 0 and P%df = P*dH, where

H=f—ge CP(FE). Now, let us define
QUF) :={B e QIF)|ix, ---ix,B € Casim(E,P) VX; € Dppe(TF)}.

In particular, Q°(F) = Casim(FE, P). Using the property that 'z, (TF) C Poiss(E, P), it easy to
see that the foliated differential d]: leaves invariant the subspaces Q9(F) of Q9(F) and hence, the
coboundary operator dz := drlaa(r) is well defined. Then, (Q*(F) := ®,Q%(F),dr) is a subcomplex
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of the cochain complex (2*(F),dr) and there is a natural homomorphism Hg — Hi. (F) between

the corresponding cohomology groups. One can show that conditions (5.46), (5.47)) are equivalent to
the following:

dr(Q(F)) = dr(Q°(F)) N Q1 (F).

This condition means that the natural homomorphism Héf — HIg(F) is injective. Therefore, the
hypotheses (i), (ii) of the theorem imply that H;—F = {0}. Finally, we observe that the cochain

— — 0
complexes associated with dr and d := 610] Ne are isomorphic and hence, H% is trivial. This, together

with (5.39)), proves (5.45)). [ |

To get more insight for the criterion in Theorem let us consider the situation when conditions
, are fulfilled and the foliation F is a fibration. In other words, we assume that the leaf
space K := E_/F of the foliation is a smooth manifold and the natural projection v : E — K is a
surjective submersion. So, we have T F = ker dv.

Lemma 5.16. There exists a Poisson structure Y on K such that the projection v : E — K is a
Poisson map. Moreover, condition (5.44) is equivalent to the following property: the Hamiltonian
vector field PUdf of every function f € C®(E) such that

[Z,P*df] =0 VZ € Trp(TF), (5.48)
is v-related with a Hamiltonian vector field on (K,Y),
dv o Pidf = Ttdhov, (5.49)
for a certain h € C*°(K).
Proof. Notice that C¥(E) = v*C*(K). This and condition (5.42)) imply that
Lz(P(dv*k1,dv*ke)) = P(dLz (v k1),dv*ke) + P(dv*k1,dLz(v k) = 0

for any Z € I pe(TF) and k1, k2 € C°(K). It follows that there exists a bivector field T € T'(A*TK)
which is uniquely determined by

v*Y(dk1,dre) = P(dv* k1, dv*Ka)

and satisfies the Jacobi identity. Now, condition for f € C®(E) says that Ptdf € Hamz(E, P)
and hence holds. It remains to show the equivalence of conditions and . Indeed,
by the Hamiltonian vector field P*df is v-related with a vector field w € T'(TK) which is an
infinitesimal automorphism of Y. Then, it is easy to see that w is Hamiltonian, w = Y*dh, h € C®(K)
if and only if f satisfies , where g = f — v*h € Casim(E, P). [ |

Observe that the hypotheses (i) and (ii) of Theorem [5.15| are independent in general. Here is a
particular case in which condition (5.49) is satisfied but (5.38)) or ((5.43) do not necessarily hold.
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Example 5.17. Let B be a manifold and consider a Poisson manifold K equipped with a Poisson
tensor Y. Let (E = B x K, P) be the product of Poisson manifolds, where B has the trivial Poisson
structure. Let us think of (E, P) as the total space of a trivial Poisson bundle over B with projection
7 = pr; and the vertical Poisson structure P. It is clear that P and Y are pry-related and ker(pry) C
TFE induces a flat Poisson connection for P. Fixing x¢ € B, consider the section s : K — E of v given
by s(y) = (x0,y). Pick a function f € C*°(F) satisfying and put h = s*f. Then, one can easily
verify that holds. v

By the same arguments as in the proof of Lemma we derive the following cohomological
criterion.

Lemma 5.18. Under hypotheses (5.38), (5.40), in the case when the foliation F is a fibration,
condition (5.44)) is equivalent to the triviality of the first Poisson cohomology group of Y.

Proof. First assume that H%(K) = {0} and let f € C% be such that P!df preserves the foliation F.
As in the proof of Lemma P!df is v-related to some infinitesimal automorphism w € I'(TK) of Y.
By hypothesis, w = Yidh, so Pid(v*h) = P!df, by the uniqueness of the horizontal lift of w € I'(TK)
in the fibration v : £ — K with horizontal distribution ker dm. Therefore, condition holds.
Conversely, let w € T'(TK) be an infinitesimal automorphism of Y. If W € I'(T'E) is the horizontal
lift of w as described in above, then [W, P] € I'(V)NT (ker dv) = {0}, so W € Poissy (E, P). By (5.38)),
W is Hamiltonian. Furthermore, it follows from that, W = P*d(v*h) for some h € C*°(K).
Hence, w = Y!dh. |

Summarizing the above considerations, we arrive at the following result.

Theorem 5.19. Let K <+~ E — B be a transversal bi-fibration, that is, v and 7 are surjective

submersions and
TFE = ker dv® ker dr. (5.50)

Suppose that v has connected fibers and satisfies the following compatibility condition with a Poisson
tensor P € T'(A? ker drr):

I pr(kerdv) C Poiss(E, P). (5.51)
Let F be the reqular foliation on E with TF = kerdv and Y be a unique Poisson structure on K for
which the natural projection v : E — K 1is a Poisson map. Suppose we are given a coupling Poisson
structure Il = Il g + Ilg o on the fiber bundle 7 : E — B with vertical part Ilgo = P. Then, the first
Poisson cohomology group of II on E is trivial if

Poissy (. P) _ (5:52)

Ham(E, P)
Hg(F) = {0}, (5.53)
HY(K) = {0}. (5.54)

We end this section with the following remarks about conditions -. First we notice
that if the v-fibers are simply connected, then condition holds (see [I7, Subsection 7.4]).

Moreover, by , the restriction of the surjective submersion v to each w-fiber v| -1, :
(77 1(x), P;) — (K, ) is a local Poisson diffeomorphism. We claim that conditions and
imply if the restriction v|g, : By — K is bijective for a single fiber Ey := m~!(x¢). This fact is
based on the following observation: the lifting W € I',_,.(V') of every element w € Poiss(K, T), given
as in Lemma is a Poisson vector field on (E, P).
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5.5 Isotropy algebras of compact semisimple type

The triviality condition is realized in the following case. Let (E = B, P) be a locally trivial
Lie-Poisson bundle whose typical fiber is the co-algebra (g*, A) of a semisimple Lie algebra g of compact
type. Recall that this condition means that the Killing form is negative definite or, equivalently, that
the connected and simply connected Lie group integrating g is compact. Due to [12, Theorem 4.1] (see,
also [50, Theorem 1.3.1]), we have H}(g*) = 0. Moreover, there exist the linear homotopy operators
for the Poisson complex of (g*, ) of degree 1:

C>(g*) L& T(Tg") L2 T(A2Tg"),

dpohg+ hiody = Idp(Tg*) .

Observe that this fact remains true if instead of g* we take an open ball (with respect to the
invariant inner product in g*) centered at the origin. The existence of the homotopy operators imply
the triviality of the parametrized first Poisson cohomology groups of the Lie-Poisson structure A.
Combining this fact with the partition unity argument, we conclude that the first vertical cohomology
group of P is also trivial.

Remark 5.20. The triviality property of the parametrized first cohomology groups appears also in
the context of the tame Poisson structures, introduced in [{§].

Now, as an illustration of Theorem let us consider the following situation. Let M = B x R¥
be the product of a compact connected symplectic manifold B and the k-dimensional Euclidean space
RF = {z = (z',...,2%)}. Let us view M as the total space of the trivial vector bundle over B.
Suppose we are given a Poisson tensor IT on M such that the zero section B x {0} is a symplectic leaf

of II. Assume that 5

P = —_TI(dz®, dzP) = const on B. (5.55)
Iz =0
Then, cgﬁ are the structure constants of a Lie algebra g and condition means that the isotropy
bundle of the leaf B x {0} is just the trivial Lie bundle B x g. Observe that after a change of
coordinates on the fiber, condition still holds. Combining Theorem with Conn’s results
[12], we establish the following criterion which implies Theorem [5.22}

Proposition 5.21. If B is simply connected and compact and the isotropy algebra g is semisimple
of compact type, then there exists an open neighborhood E of B x {0} in M = B x R* such that
Hy(E) = {0}.

Proof. We have to verify that the hypotheses of the proposition imply conditions —. First,
we observe that II = Iy g + IIp 2 is a coupling Poisson structure in a neighborhood E of B x {0} in
M = B x R* which is viewed as the total space of the fiber bundle 7 := pr, |p over B. By ,
the linearization of the vertical Poisson structure P =1lp2 at B x {0} gives

p = Leosye 0\ 0O

N —=.

2 dr>  OxP
By the linearization Conn theorem, for every b € B, the Poisson structure P, on the fiber Ej; around 0
is isomorphic to the Lie-Poisson structure A on g*. Then, one can show [78] that the neighborhood E

(5.56)
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can be chosen in such a way that there exists a fiber preserving diffeomorphism g : E — g(F) identical
on B and ¢g,P = PY. So, we obtain the coupling Poisson tensor g,II = 9«12 + P defined on the
neighborhood g(E) of B. Then, as we mentioned above, condition holds for PM). Moreover,
by the compactness of B, one can arrange the neighborhood E to have g(F) = B x K, where K is an
open ball centered at 0. Then, condition holds for T = A, H}(K) = {0}. Finally, by condition
, there exists a flat Poisson connection 7% on (B x K, P(V) associated with the horizontal foliation
F with leaves B x {z}, z € K. Then, the foliated de Rham cohomology of dr is the same thing as
the de Rham cohomology of the forms in B depending smoothly on x € K as a parameter. Since B
is simply connected, according to results in [17, 29], we conclude that Hlg (F) = {0}. [ |

Theorem 5.22. Let S C M be an embedded symplectic leaf of the Poisson manifold (M, V) such
that the normal bundle of S (viewing as a Lie-Poisson bundle) is trivial. Assume that the isotropy
algebra of the symplectic leaf S is a semisimple Lie algebra of compact type. If S is compact and simply
connected, then there exists a tubular neighborhood N of S in M such that every Poisson vector field
of ¥ is Hamiltonian on N.

Example 5.23. Consider the case when E := S? x R3, where R? = {z = (2!,2%,23)}, and the base
B := $? C R? is the unit 2-sphere equipped with the area form w = dp A dg. Here, the Darboux
coordinates p,q can be defined as the azimuthal angle p = ¢ and the height function ¢ = h on the
sphere. Then, given a vector valued 1-form ¢ on B,

0= 0Y(p,q,2)dp + 0¥ (p, ¢, x)dg,

with o), 0@ € R3, and a constant ¢ € R, one can define the following Poisson tensor on E [7§]:

0 0 0 0 1 0 0
S SR 1y, il 2y, L il YA L
Hg,c = 2(A—z-A,+cfz]?) <3p + ($ X 0 ) 6[E> VAN <3q + (l’ X 0 ) 8%’) + 2€a,8—y$ 9z A 928"

where A, := 6%;:) — % + 0 x oM, In this case, S? x {0} is a simply connected, compact symplectic

leaf of I, . whose isotropy Lie algebra is g = s0(3). Therefore, by Proposition we conclude that
the first cohomology of II, . vanishes for arbitrary data (o, c). In particular, this is true for the product
Poisson structure Iy on S? x s0*(3). \/

5.6 Projectability of Casimir functions

Let (E 5 B, P) be again a Poisson bundle and II a coupling Poisson structure on E with associated
geometric data (P,7,0). Let us consider another extreme situation, assuming that every Casimir
function of the vertical Poisson structure P is projectable in the sense that

Casim(E, P) = n*C>®(B). (5.57)

So, this means that P!dF = 0 if and only if F = 7* f for a certain f € C>°(B).

Example 5.24. Let
0 0 0
A= — — — .
. A <.’B2 s + 3 8a:3> (5.58)
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be the Lie-Poisson structure on the co-algebra g* = R? of the 3-dimensional Lie algebra
[61, 62] = €9, [62, 83] = 0, [63, 61] = —es. (559)

In this case, the foliation of R? by the symplectic leaves (the co-adjoint orbits) is an open book type
foliation. As a consequence, the corresponding Lie-Poisson structure A on g* does not admit any
global nontrivial Casimir function on R3, that is, Casim(A,R?) = R. One can show that the first
cohomology group of the Lie-Poisson structure A in is generated by the Poisson vector fields

0 0 0 0 0
Zi= - Ty— g wy Ty = g Ty = wo— 5.60
! 8x1 2 2 8%2 3 81'3 3 3 8:62 4 2 (93?3 ( )
and, hence, isomorphic to R x sl(2,R) as Lie algebras. v

It follows that condition (5.57]) holds for any locally trivial Lie-Poisson bundle (7 : E — B, P) over
B whose typical fiber is just R? equipped with linear Poisson bracket ([5.58)).

Remark 5.25. The fact that H}\(R‘%) 1s generated by the basis can be stated by direct
computations. It is of interest to note that in the reqular domain R3\{z-axis} = R? x S, the Poisson
structure has nontrivial Casimir functions and, as a consequence, the first Poisson cohomology
group 1is infinite dimensional and isomorphic to C*=(S') [25]. More examples of explicit computations
of the first cohomology of low-dimensional Poisson manifolds with singularities can be also found in

49, 154).

Now, we observe that the condition ([5.57)) implies that the cochain complex (N, gy) is isomorphic
to the de Rham complex (2*(B),dp) on the base B. Therefore, in this case we have Hgy ~ HE(B)
vk > 0.

Proposition 5.26. Let IT be a coupling Poisson structure on the fiber bundle E = B with associated
geometric data (P,~,0). If, in addition to (5.57), the second de Rham cohomology of the base B is
trivial,

Hig (B) = {0}, (5.61)
then
Poiss(E,1I) = QL (B) @ A7, (5.62)
and the first Poisson cohomology of 11 is of the form
A
HY(E) = Hig(B) © ———-. :

Here, A7 is a Lie subalgebra of vertical Poisson vector fields of P defined in ((5.25)).

Proof. If (5.61]) holds, then H521 L= {0}. Therefore, by definition (5.29)), we get ker p?¥ = A7. Hence,
the decompositions (5.34)) and ([5.36]) coincide with (5.62)) and (5.63)), respectively. [

As a consequence of Proposition hypotheses ((5.57)) and (5.61]) imply that the properties of the
first Poisson cohomology of II are controlled by the «v-dependent Lie algebra A”. In fact, the algebra

A? depends on an equivalence class of the Poisson connection v on (F 5 B, P). Indeed, suppose we
have another Poisson connection 5 on (E = B, P) which is equivalent to 7 in following sense: there
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exists a 1-form p € Q}B’O(E) such that hor” (u) = hor”(u) + Ptdo(u), for every u € I'(T'B). Then, 7 ~ v
implies A7 = A7.

It is useful also to single out the Lie subalgebra of A” consisting of all vertical Poisson vector fields
on (E, P) that preserve the horizontal subbundle of ~,

A} :={Y € Poissy (E, P) | [hor”(u),Y] =0 Vu € I'(TB)}.
Then, taking into account , we get
Hamg(E, P) := Aj NHam(E, P) = {P*dF | Ly F € 7°C>(B) Yu € T(TB)}.
An interesting situation occurs when

~
e AO

= m ® Ham(E, P). (5.64)

In this case,

Ag
Hamo(E, P)’
Lemma 5.27. Condition (5.64) is equivalent to the following: everyY € AY admits the decomposition

HY(B) = Hip(B) @ (5.65)

Y = PG + Yy, (5.66)

where Yy € A} and G € C®(E). Furthermore, given 3 € Q' (B) ®@ceo(p) C(E) in (5.26)), there exists
c € QY(B) such that
G =F-cal. (5.67)

Next, let us consider the following particular case. Let £ = B x K be the product of a manifold B
equipped with zero Poisson structure and a Poisson manifold (K, Y). Let P be the product Poisson
structure on E. Then, we have the trivial Poisson bundle (£ = B x K, P) over B with projection
7p = pr; and the typical fiber (K, YT). Consider the trivial Poisson connection 7 on E associated
with the canonical horizontal distribution ker(dmg ), where mx = prs.

Proposition 5.28. Let II be a compatible coupling Poisson tensor on the trivial Poisson bundle
(E = B x K, P) in the sense that Ilpo = P and the associated Poisson connection vy is equivalent to
the trivial one, v ~ ~°. Assume that B is connected,

Casim(K,Y) = R, (5.68)
condition (5.61)) holds, and A" admits splitting (5.64)). Then,
HY(FE) = Hijg(B) ® HY(K). (5.69)

Proof. By the connectedness of B, it is easy to see that Ago = Poiss(K, T), where the isomorphism is
given by the horizontal lift in £ ™% K with horizontal distribution ker drg. Moreover, we claim that
Hamg(E, P) = Ham(K, T). Indeed, pick a Y = P#dF € Hamg(E, P). Since hypothesis (5.68) implies
(5.57), we conclude that L o (U)F € mC(B) for any u € I'(T'B). Then, fixing y° € K, we see
that the function F € C®(E) given by F(z,y) = F(z,y) — F(z,y°) for z € B,y € K is of the form

F = 7} f for a certain f € C*°(K). Consequently, Y is mx-related with the Hamiltonian vector field
THdf. [ |
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Example 5.29. Consider the trivial Poisson bundle (7 = pr; : E = B x R3, P), where the base
B =R!xS! = {(t, o mod 27)} is the 2-cylinder and the typical fiber (R3, A) is given by the Lie-Poisson
structure ((5.58)). We already know that in this case, the projectability condition holds. It is
clear that @ is also satisfied. By analyzing equations (5.26)), (5.66)), (5.67)), one can show that
decomposition @ is true for A", In this case, an arbitrary compatible coupling Poisson structure
on the trivial Poisson bundle E such that «y ~ 4" has the form

0 9 9 o), 0 0 )
I, = % (1) o @2, 9
) <3t W) oz )" dp T oz) " 0z M 200, T2 M 003 )
where ¢ = (0, —x3,22), 0 = Q(l)(t, @, x)dt + o (t, o, x)dyp is an arbitrary horizontal 1-form on E and

9o @Q()
e ot o

+ oM x o®

is the Hamiltonian of the curvature of «y [7§]. Applying Proposition to II, and taking into account
Example [5.24] we get

Hy (E) *ReRY

5.7 First cohomology of coupling Dirac structures

An example. Let (M, w) be a presymplectic manifold and (N, ¥) the Poisson manifold given by
N=R2 ¥ ||y||28y1 A Consider the product Dirac structure D on M x N. Then, M x {0} is a
Prys

presymplectic leaf of D and we can think of M x N "= M as a coupling neighborhood. More precisely,
the vertical distribution is V' := ker(pr,;)«, and the associated geometric data (P,~, o) consists of the
flat connection v := (pry)«, given by the differential of the projection pry : M x N — N; the pullback
o := pry w of the presymplectic structure on M; and the unique vertical Poisson bivector field P on
M x N which is pry-related to ¥, P = HyH2a‘Zl A 5 on M X N.

First we note that (N, ¥) has two symplectic leaves the origin (0,0), which is zero-dimensional,
and the complement Nyez := R? — {(0,0)}. Then, each Casimir funcion of (N,¥) is constant,

Casim(V, ) = R. This implies that Casim(M x N, P) = prj; C>(M) and

6y2

H°(M x N,D) = H% (M).

Observe that in this case, the de Rham - Casimir complex (N ',é) is isomorphic to the de Rham
complex (D(A*T*M),d) of M. In particular, H*(N*,d) = Hl(M). We now proceed to describe
ker(py : A' — H?(N*®,09)). Let Y = Yla%l + Yga%2 € I'(V) be a vertical vector field. Then, Ly P =0
if and only if

y1Y1 + y2Ya = L{|y|? div¥(Y). (5.70)

Here, div¥(Y) := 8Yl + % 8Y2 denotes the divergence of Y with respect to the fiber-wise volume form
dy; Adys. In partlcular the fiber-wise Euler and modular vector fields

Zl = ylaiyl + yQ% and Z2 = —Z/Qaiy1 + y13% (5'71)

are Poisson vector fields of P, respectively.



114 5. SEMILOCAL SPLITTING OF THE FIRST COHOMOLOGY

Proposition 5.30. Consider the Poisson manifold (M x N, P) given as in above. Let Zy,Zs be
defined as in (5.71), and Y € T(V). Then, Y € Poiss(M x N, P) if and only if Y = a1Z1 + asZs
for unique a1,a2 € C°(M) satisfying Lz, a1 + Lz,aa = 0. Additionally, Y is Hamiltonian if and
only if a1 and ay vanish along the zero section M x {0}. In this case, a Hamiltonian is given by
h(z,y) = fooo as(x,e”ty)dt. Hence, the first vertical Poisson cohomology of the Poisson bundle

(M x N "3 M, P) is
HY(M x N,V,P) =C>®(M).[Z,] ® C™®(M).[Zs].
Proof. Observe from that, for smooth functions ay,as € C*°(M x N),
Y =a17Z1 + axZsy (5.72)

is an infinitesimal Poisson automorphism of P if and only if Lz, a; + Lz, as = 0. We claim that every
vertical infinitesimal Poisson automorphism of P is of this form. Indeed, fix Y € Poiss(M x N, P) N
I'(V'). Since Zi, Z are linearly independent on M x Nyg, there exist by, by € C°°(M X Nyeg) such that
Y|M><Nreg = 0171 4+ baZs. Explicitly, by := W(ylyl + ngg) and by := W(—yQYE + y1Y2) We just
need to show that b1 and by can be extended to some smooth functions a; and as on M x N. By ,
b1 can be extended to the smooth function a; := % divY(Y) on M x N. Moreover, Yo —a1y2 is a smooth
function on M x N such that Y2 — a1y2|prx Nyeg = b2y1. This implies that Y3 — ayy2 vanishes along the
level set y; = 0 of M x N. Hence, there exists ag € C°°(M x N) such that Y2 — a1y2 = agy;. Hence,
az is a smooth function on M x N whose restriction to M X Nyeg is be. Finally, since such extensions
are clearly unique, we conclude that every Poisson vector field Y admits a unique representation of
the form , with ay,a2 € C*°(M x N) satisfying Lz, a1 + Lz, a2 = 0.

Now, pick a Hamiltonian vector field Y = Pfdh, h € C®(M x N). By straightforward
computations, the smooth functions a; and as in are given in this case by

a1 =—Lgz h and ay =Ly h. (5.73)

In particular, a; and ay vanish on the symplectic leaf M x {0}. We now see that the converse is
also true: If Y = a17Z; + asZy € Poiss(M x N, P)NT(V) is such that a1(z,0) = as(z,0) = 0, then
Y € Ham(M x N, P). To see this, pick Y = a1Z; + a2Z5 such that Lz, a1 + Lz, as = 0 with a1, a2
vanishing on M x {0}. Define h: M x N — R by

h(z,y) = /000 as(x, e ty) dt. (5.74)

Then, h € C*°(M x N) and clearly satisfies Lz, h = aa. Moreover,
LZ1 a1 = —L22 ag = —LZ2 LZ1 h = —LZ1 L22 h,

so Lz, (a1 + Lz, h) = 0, which implies that a; + Ly, h is constant along the pr,,-fibers. By hypothesis,
both a; and Lz, h vanish on M x {0}. Hence, a1 + Lz, h = 0. Therefore, h is a solution of (5.73)) and
so is a Hamiltonian for Y. |

We now describe the subspace A!. For Y € Poiss(M x N, P)NT(V), we have that Y € A!
if and only if there exists a horizontal 1-form « € T'(V°) such that o] oY + 65104 = 0. Since 7 is
the trivial (flat) connection, the horizontal pr,;-projectable vector fields u are locally written in the
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form u = uza%l Therefore, the relation between Y and o reads [u,Y] = —P*!d[a(u)]. Since Y is a
vertical infinitesimal automorphism of P, there exists aj,a2 € C*°(M x N) such that (5.72)) holds
and Y = a1Z1 + asZs. Then, [u,Y] = (Lya1)Z1 + (Ly az)Zs. Because of Proposition [5.30] [u,Y] is
Hamiltonian if and only if a; and ag are constant along the zero section M x {0}. Hence,

Al

i = R1Z1] o R.[Z)].

Observe also that the Hamiltonian function a(u) of —[u, Y] can be given by the formula

a(u(z,y)) = —/OOO(LU as)(z, e ty)dt.

Furthermore, we have o = —aioh, where h is given as in (5.74)). This follows from the identity

(Lyh)(z,y) = /OOO(LU az)(x, e ty)dt Y.

Therefore, the flatness of v implies 9] joo = —(9] y)*h = —Lg» h = 0. Finally, we have df Y =
Ly pri; w = 0. In consequence, p1(Y) =0 for all Y € A, so ker p; = A

Theorem 5.31. The first cohomology of the Dirac manifold M x N given by the product of a
presymplectic manifold (M, w) with the Poisson manifold (N = R2, ¥ = Hy”Qa%l A 8%2) is
HY(M x N,D) = Hiz(M)® H' (N, ¥).

Proof. Because of our above discussion, H'(N*®,9) & Hl. (M), and % = R.[Z1] ® R.[Z3].
Therefore,

HY(M x N, D) = Hig(M) & (R.[Z1] ® R.[Z5)).

Finally, the fact that H'(N, ¥) = R.[Z;] ® R.[Zs] follows from Proposition with M consisting of
a single point (see also [49]). [

5.8 Detailing the open book foliation case

The main goal of this section is to present a general scheme which allows to compute the first
Poisson cohomology group of certain linear Poisson structures in R™. More precisely, we aim to
study coordinate conditions for a vector field to be an infinitesimal Poisson automorphism.

General setup. Let X := Xza%2 + -+ Xn% a flat vector field in R™, i.e., the coefficients
Xo,..., X, does not depend on the variable z1:
0X;
—L =0, Vi=2,...,n.
833‘1

Now, consider the bivector field
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Since X is a flat vector field, [X, 6%1] = 0. Therefore,
(LT = (I, 52 ] A X — 52 AL X] = 22 A [X, 52 ] A X — 52 A2, XTAX =0,

) Oxq
proving that II is a linear Poisson structure in R™. Let us describe its infinitesimal Poisson

automorphisms.
Let Z = Zla%l +- 4 Zn% be a Poisson vector field in the Poisson manifold (R™,II). Then,

0=[21] =2, Z]AX + 32 A[Z,X]

o 0 0 0 0 0
“ 2] (955) e B Y0
B 0z; 0 0 0 0X; 0 0Z; 0
= Xjaxlaa:iA(’j’:cﬁa:m/\(Zlaxiaxj Xaxax>
:< 07} X@Z;) 0 A 0

X _x, 22ty oA 2
la$1 kaﬂfl axl 8xk
074 00Xy 07\ O 0
- X 7 — X — N ——
+ ( kal’l + J 8.Tj J am’j 83}1 axk
wherei=1,...,n, 7 =2,...,n,l < k. Therefore, the vector field Z is Poisson for II if and only if
07y, 07,
Xi— - Xp,— =0, Lk=2,... 5.75
l 3:1:1 kaflfl y ) 3 , 1, ( )
821 an aZk
-X Z; =X; k=2,...,n. 5.76
k 81‘1 + J al'j J (%Ej ’ T ( )
Now, define Ay, := X;7Z;, — X, Z;. Since gfli = 0, equation (5.75)) is equivalent to
8%1

On the other hand, by applying (5.76) on the third step,
Lx Ay =Lx X1Z), — Lx X3 Z; + X) Lx Zy, — X, Lx Z

oz YA
=Ly X;Zy — Lx X3 Z) + X (Xj8’“> — X5 <Xjal>
;j €

07 0X 07 0X,
= Lx X2, — Lx Xp Zi + X | = Xp—r + Zjik D ¢ I (N Zj—l
8.2131 8.%'j 81‘1 G:Bj
X X
=Lx X Z, —Lx X2, + XleM — Xijb
8.73j &cj
8Xl 8Xk 8Xk aXl
=0 Xi— — I X, —+ X Z;— — X3 4, ——
b ]833]- ! ]al’j+ l]al'j kjal'j
00X} 0X;
=Ai— 4+ Ajp—.
L (9.%'j + ik ij
Thus, the functions Ay satisfy the following system of ("51) PDE,
00Xy, 0X;
LxAp =4 —+Ajp—— 5.77
X Ak lj oz, + Ak oz, (5.77)

where the sum is taken over all indexes j = 2,...,n and Ay, € CR5.
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Diagonal vector fields an their associated PDE’s. Let X = dgng 35 —|—dnmn8 be a linear
diagonal vector field, with d; > 0. Then, the system (5.77)) takes the form.

Lx Ay = (di + di) A,
which is disengaged. Let us study the solutions for Ay, € Cg5_,, where R"™! = {(z9,...,2y) | 2; € R}.

Lemma 5.32. Consider the PDE

d2x2§2 +...+ dnmnaag:; =Tru,

where r € R 1s constant.

1. If r =0, then the only solutions are constants.

2. If u is a solution for the constant r, then 8““

is a solution for the constant r — d;.
Proof. Fix any p = (p2,...,pn) € U and define
a(t) = (e dotp, ..., ed”tpn)

Then by the chain rule

=2 1=2
= 3 dii(a(6) 2 (a (1)) = rulalt)
— ox;

Therefore, u(a(t)) = u(a(0))e™ = u(p)e™.

1. If r = 0, then u is constant along the trajectory a(t). Since d; > 0 for all i = 2,...,n, then

w(0) = 1im u(a(t)) = u(e(0)) = u(p),

t——o0
so u is constant since p € R"~! is arbitrary.

2. Since the partial derivatives commute,

0 Ou
d Z d’L Z b
am] axj Zz: i o0x; J@x Zz: O, x; 0x;j

which implies the desired result.

[ |
Now take do = ... =d, = 1. In this case, we get
0
X = 20— i
2 81'2 et n axn ’
which is the Euler vector field F in the variables xo, ..., x,. In this case, Aj;. must be a solution of

Lg A = 24y. (5.78)
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Lemma 5.33. Let u: U C R" — R and k € NU{0}. Consider the Partial Differential Equation

" ou
Zxa—w = ku. (5.79)
=1
1. The solutions of (5.79)) are homogenous functions of degree k.

2. If u is a solution of (5.79), then v = gT“] is a solution of

n

ov

3. If U = R™, then the solutions of (5.79) are the homogenous polynomials of degree k.

Proof. By repeating arguments in Lemma the solutions of the equation in (5.79) must satisfy
u(a(t)) = u(p)er, where

a(t) :=e'p= (e'pa, ..., e'py).

1. Note that for each A > 0, u(\p) = u(a(In(N))) = u(p)e*™ = Xeu(p), so u is an homogenous
function of degree k. Conversely, if u is an homogeneous function of degree k, then the map
f:R — R defined by f(t) = u(e'p) — eFu(p) is identically zero. Thus,

_ 4 _

ou it
0 g Za (e! p)ae pi — ke™u(p).

Evaluating at t = 0, we get the desired result.
2. This follows from Lemma, [5.32]

3. We will prove this result by induction on the degree of homogeneity. If k¥ = 0, Lemma [5.32
implies that u is constant, i.e., a polynomial of degree zero. Suppose that the only solutions of
(5.79)) are polynomials of degree k. If u is a solution of

then, by the previous part, each of their partial derivatives gu are a solution of (5.79), i.e., are
homogenous polynomials of degree k. This implies that u is a homogenous polynomial of degree
k + 1. By induction, we complete the proof.

|
Lemma 5.34. The Partial Differential Equation
ou ou
— — =k 5.80
2 Oxs ot T oz, ( )

has a solution defined on all R~ if and only if k = 0.
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Proof. Clearly, the equation ((5.80) has a solution if £ = 0. Conversely, evaluating both sides of ([5.80))
at p =0, we get

ou ou
k= —(0)+--- —(0) =0.
z2log —(0) + +$n\08xn( )
[ |
Lemma 5.35. Let F' € Cg;,_y a smooth function. The Partial Differential Equation
ou ou
— 1t ... —=F 5.81
x2 . +...t 2, oz, (x) (5.81)

has a solution if and only if and only if F(0) = 0. In this case, the solution is unique up to adding
constants.

Proof. For a fixed x € R*™!, define f : R — R by

t

1) = FI0)  ift=0.

Since F is smooth, so it is f. Hence, u : R? — R defined by
VF(tz) - F
u(z) = / Mdt
0

is smooth. Furthermore,

Hence,

1 1
I23“+...+xna“:/ ( aF(m)+...+on(m)> dt:/ %F(tm)dt
0 0

Oxy, 2 Oy Oxy,

=F(l-2)—F(0-z)=F(z)— F(0).

We have shown that there exist a solution for the function F(x) — F(0). Hence, in order to have a
solution for (|5.81]), it must exist a solution for the constant function k¥ = F'(0). By Lemma this
occurs if and only if F(0) = 0. [ |

Remark 5.36. Note that the previous construction allow us to establish the following result: If
f:R =R, then

1 i
fla) - 10) = [ ) .
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Splitting of the Infinitesimal Automorphisms.  Recall that in order to parameterize all the
Poisson vector fields for the Poisson manifold (R™,II = 8%1 A E), we have to establish conditions for
Zy, and Z; in order to

12 — X2
be a solution of .
Lemma 5.37. Fiz k,l =2,...,n, and consider the map M : Cg;,_, x Cgh_1 — Cp5,_1 given by
M(ZW) =1 Z — x;W.
Then,

1. M : CR5 @ CR — Cps is S -linear.
2. M(Z,W) =0 if and only if there exists fi; € CR% such that Z = xy fry and W = z; fyy.

3. If M(g,h) = A, then every solution of the equation M (Z,W) = A has the form Z = g+ x; fx,
W =h+ xfu.

Proof. Property 1 is clear, and it is easy to show that property 3 follows from 1 and 2. It remains to
show property 2. Note that M (Z,W) = 0 if and only if

xpZ = x;W.

For each point p in the hyperplane x; = 0, the right hand side of the last equation vanishes. Therefore,
for each point p in the hyperplane z; = 0 and not belonging to the line x;x = x; = 0, it must be
Z(p) = 0. By continuity, Z(p) = 0 for all p with px = 0. Similarly, W(p) = 0 if p; = 0. By Remark
there exist smooth functions f, fi € Cg%_, such that

Z = xi fr, W =xf.
Then,
cpr)(fre — fi) = v Z — ;W =0,

which means that fr = f; in every point with z;z; # 0. Since this set is dense in R™, by continuity
we conclude that fi = f; in all R™. [ |

Now, we will prove the following result for Poisson vector fields:

Proposition 5.38. Let Z be a Poisson vector field in (R™,II), where II = 8%1 A E, where E is the
Euler vector field in variables xo,...,x,. There exist unique z, f € Cg, and a;; € R, 4,5 =2,...,n
such that an, =0 and

0 0
Furthermore, z, f € CR%, satisfy
0z
L — =0. .
pf+ g =0 (5.83)

Conversely, any vector field satisfying (5.82)) and (5.83)) is Poisson for II.
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Lemma 5.39. If a vector field Z has the form (5.82), then such representation is unique.
Proof. Assume that there exist z, f € Cg% and a;; € R, ¢,5 = 2,...,n such that a,, = 0 and

0 0
E i =0.
81+f +(a3x>a$]
Then z = 0 and a;;z; + fxr; = 0 for each j = 2,...,n. We will show that f and each a;; are zero.

Fix i # j and evaluate a;jz; + fz; = 0 in x; = 1 and x, = 0, for all k # 4, leading to a;; = 0. This
implies that (a;; + f)xz; = 0 for each j =2,...,n—1 and fx, = 0. This means that f is zero outside
the hyperplane x,, = 0. Since f is continuous, it follows that f = 0. Substituting in (a;; + f)z; =0
with z; = 1, we get aj; = 0. It follows that if a vector field can be represented as in above, then its
representation is unique, as desired. ]

Proof of Proposition[5.38, Let Z = Z;2 B; the coordinate expression of a Poisson vector field Z.

Denote Ay, := 12, — x14;. Then, equation reads % = 0, which means that Ay only
depends on the variables zo, ..., z,. Now note that equatlons lb imply

Le Ay = 2A.

Therefore, Aj, must be a Cgh-homogenous function of degree 2, ie., Ay = x4, — x4 is an
homogenous polynomial of degree 2, due to Lemma [5.33] A particular solution for Zi, Z; is to take
Zy. and Z; linear. Then, by Lemma in general there exist fi, € Cp3 such that

2y — Tk fik, Z1 — x fi

are linear functions. Furthermore, it can be shown that, for a fixed k, the functions fi; and fi; differ
by a constant. Thus, the above linear functions can be chosen in order to have a fixed function fi; = f
for any k,l. Also, we can modify this function f in order to have Z,, = apoz2+...+ann—1Tn—1+ fn.
Taking z = Z;, we get that

0 0
7 = 27 + fE + (a”azz)%

for some constants a;j, with a, , = 0. Finally, a substitution of Zj, in (5.76) yields
0z 074 0Xp, 07y,
—rp— + 7 -X Z; =X;—=17 L
xkal—F k=X + i ow; i 9, k+xLg f.
This implies that Lg f + 3 8Z1 = 0 outside the plane x; = 0, and hence, in all R", completing the
proof. |

First Poisson cohomology group
Lemma 5.40. If Z is a Poisson vector field, then Z(x1,0,0) = Z(0,0,0).

Proof. Since Z is a Poisson vector field, it can be represented as

0 0
Z = o T fE+ (aijxi)aixja

where Lg f + 36—;1 = 0. Since F is a linear vector field in the variables xo, ..., x,,

(LE f)(pl,o, e ,O) = O,

SO 59;1 (p1,0,...,0) =0 for all p; € R. Therefore, z must be constant along the z;-axis. [ ]



122 5. SEMILOCAL SPLITTING OF THE FIRST COHOMOLOGY

Calculus of the cohomology

Note that in the representation ((5.82 - for a Poisson vector field Z, the tangent part (in the regular
domain) is z5— 8 + fE and the transversal part is the linear vector field (a”:cz) Ba; . Thus, in order to
be Z a Hamiltoman vector field, we must have a;; = 0. Furthermore, we will show that if z(0) = 0,
then Z is Hamiltonian.

Theorem 5.41. Let Z be a Poisson vector field in the Poisson manifold (R™,II) and consider its
representation in the form (5.82)). The vector field Z is Hamiltonian if and only if 2(0) = 0 and
a;; = 0. Hence,

HE(R") = ROV,

Proof. Recall that the Hamiltonian vector field X; with Hamiltonian function h is

0 Oh
X =—(Lg h)aTv1 +— By

and also note that this is its representation in the sense of Proposition On the other hand, let

0 0
7 = Zail + fE + (a”xl)a—x]

be a Poisson vector field. Since such representation is unique, it follows that Z is Hamiltonian if and
only if a;; = 0 and there exists h € CR;, such that z = —Lgh and f = 696 . In particular, Z has the

form

0

and Z(0) = 2(0)8%1. By Lemmas and [5.40], the equation z = — Lg H has a solution in H if and
only if 2(0) = 0. In this case, condition (5.83) implies

0z 0 0 0 OH
O=Lgf++— —LEf* LEH Lef—- ||z Le| +Lg+— | H=Lg f*f
0z 01 0rq 1

Therefore, by Lemma |5.33) f — % is a constant function in the variables zo,...,z,, i.e., it only
depends on the Varlable Ty
OH
— — = k(x1).
8x1 ( 1)

Now, define h:= H 4 [;* kd ;. Then,

x1
LEh:LEH—l-LE/ kdrxy =—240=—
0

oh OH
oz Ory +k(z1) = f,

proving that h is the Hamiltonian for the Poisson vector field Z. As consequence, we have that every
Poisson cohomology class is uniquely determined by the value of each a;; and 2(0). Therefore,

HE(R™) = RO-D?,



Chapter 6

The Modular Class of Poisson Structures on Foliated
Manifolds

In this chapter we study the behavior of the modular class of an orientable Poisson manifold and
formulate some unimodularity criteria in the semilocal context, around a (singular) symplectic leaf.
Our results generalize some known unimodularity criteria for regular Poisson manifolds related to the
notion of the Reeb class. In particular, we show that the unimodularity of the transverse Poisson
structure of the leaf is a necessary condition for the semilocal unimodular property. Our main tool
is an explicit formula for a bigraded decomposition of modular vector fields of a coupling Poisson
structure on a foliated manifold. Moreover, we also exploit the notion of the modular class of a
Poisson foliation and its relationship with the Reeb class.

This chapter is organized as follows. In Section [6.1| we review some basic notions and facts about
foliations. In Section[6.2]we study the relationship between the modular class of a Poisson foliation and
the Reeb class. The modular vector fields of coupling Poisson structures are described in Section [6.3
by using bigraded calculus on foliated manifolds. Section is devoted to the study of the behavior of
the unimodularity property under gauge transformations. In Section [6.5/we derive some unimodularity
criteria for coupling Poisson structures and find cohomological obstructions to the unimodularity. In
Section we examine the general unimodularity criteria for compatible Poisson structures on flat
Poisson foliations. Here the cohomological obstructions take values on the foliated de Rham-Casimir
complex. In Section we apply the above results to describe the unimodularity in a neighborhood
of a symplectic leaf. Finally, in Section we prove the well-definiteness of the notion of generalized
Reeb class of a symplectic leaf.

The contents of this chapter, with exception of Section were published in [55].

6.1 Preliminaries: orientable foliations

We start by recalling some definitions and known facts about calculus on foliated manifolds. For
details, we refer to [31 [35] [65].

Foliated de Rham differential. Let V be a regular foliation on M. Denote by V := TV the
tangent bundle of V. There exists a derivation dy € Derﬁg ['(A*V*) of degree 1 which is a coboundary
operator, d% = 0, called the foliated exterior derivative. Notice that the foliated de Rham complex
(D(A®V*),dy) is just the cochain complex of the Lie algebroid V associated to the foliation V. The
cohomology of the foliated de Rham complex of V will be denoted by H3y (V).

Fix a normal distribution H C T'M of the foliation V,

TM=H&V. (6.1)

123
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Then, the vector-valued 1-form v € I'(T*M ® V'), defined as the projection pry, : TM — V along H in
, is said to be a connection form on the foliated manifold (M, V). Conversely, every vector-valued
1-form v € I'(T*M ® V) with |y = Idy induces the normal bundle H := kery of V. Then, the
curvature form RY € T'(A?T*M ® V) of the connection is given by [35]

RY(X,Y) = [(drar —7)X, (drar —)Y]  ¥X,Y € T(TM)

and controls the integrability of the normal bundle H. The connection ~ is said to be flat if RY = 0.
Splitting (6.1) induces H-dependent bigradings of the exterior algebras of multivector fields and
differential forms on M:

T(ATM) = P T(A\PITM),  T(AT*M) = P T(APIT*M). (6.2)
D,qEZL P,qQEZ

Here, APYTM := NP HRATV and APIT*M := NPV°@ANTH®, where H® := Ann(H) and V° := Ann(V)
denote the annihilators of H and V, respectively. For a multivector field A, the term of bidegree (p, q)
in decomposition is denoted by A, ,. We follow same notation for differential forms. Moreover,
we have a bigraded decomposition for any linear operator on these exterior algebras. In particular,
the exterior differential splits as d = dlo + d;_l + d&l, where dlo is the covariant exterior derivative
of v and dg,—1 = —ipy. Furthermore,

(d])? = La (6.3)

and (d&l)2 = 0 (for the definition of the Lie derivative Lg~, see [35]). It is clear that the canonical
inclusion of the leaves of V in M induces a cochain complex isomorphism,

(D(A*V*), dy) = (T(A*H), d7,,) (6.4)

For each p € T'(A*V*), we will denote by p, € I'(A®*H°) the corresponding element under the above
isomorphism. We use the same notation for cohomology classes.
We will denote by

aut(M,V) == {X € T(TM) | [X,T(V)] c I(V)}

the Lie subalgebra of V-projectable vector fields. For each p € I'(A®*V*) and X € aut(M,V), the Lie
derivative Lx u € T'(A*V™) is well-defined by the standard formula.

Divergence 1-form. Suppose that the foliation V on M is orientable, that is, there exists a nowhere
vanishing element 7 € T'(A*PV*), called a leaf-wise volume form of V. Therefore, the restriction of 7 to
each leaf L of V gives a volume form on L. For each X € aut(M, V), the divergence div’ (X) € C*°(M)
with respect to 7 is defined by the relation Lx 7 = div” (X)7.

Fix a connection form « on (M,V) associated to a normal bundle H of V. Then, one can think
of a leaf-wise volume form 7 € ['(A"PV*) as a differential form 7., € I'(A*P H°) vanishing only on the
sections of H. Recall that H° and V* are of the same rank k. The divergence is given by the formula

divT (X)7, = (Ly 7)o (6.5)

for any X € aut(M,V). Here, the bigraded decomposition of the k-form Ly 7, consists of the terms
of bidegree (0,%) and (1,k —1).
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Now, we observe that there exists a unique 1-form vanishing on vector fields tangent to V, 6] €
I'(V°), and such that
di g7y =07 A7y (6.6)

Moreover, 7 is related with the divergence by the condition

01(X) =divT(X) VX € D(H)Naut(M, V). (6.7)

T

Therefore, the 1-form 67 € T'(V°) can be called the divergence form associated to the pair (7,v). By
using , (6.3), and ([6.5)), one can derive the following useful relations

di o 07 (X1, Xo) = div" (R7(X1, X2)),
0}, =07 +dj yIn|f], (6.9)

for all X1, Xy € I'(H) Naut(M,V) and each nowhere vanishing f € C*°(M).

The Reeb class. Let V be a regular foliation of M. Consider the tangent bundle V = TV and
its annihilator V°. We say that the foliation V is transversally orientable if there exists a nowhere
vanishing element ¢ € I’(/\tOPVo). In this case, we say that ¢ is a transversal volume element of V. In
particular, we have V ={X € TM | ix ¢ = 0}.

It follows from the identity ijxy] = [Lx,iy] VX,Y € I'(V) that the Lie derivative along every
V-tangent vector field preserves the space of sections I'(A'PV°). As a consequence, for each transversal
volume element ¢ of V, there exists a unique foliated 1-form A\ € I'(V*) defined by the relation

Lyc=A(X), VXeDl(V). (6.10)

Then, A. is a closed foliated 1-form, dy Ac = 0. Moreover, by the standard arguments, the
dy-cohomology class (foliated de Rham cohomology class)

Mod(V) := [\] € Hiz(V), (6.11)

is independent of the choice of a transversal volume element ¢ and called the Reeb class of V (see,
for example, [31], Section 2|, [32, Section 1], [I, Section 2]). The Reeb class is an obstruction to the
existence of a transversal volume element of V which is invariant under the flow of any vector field
tangent to the foliation. Alternatively, the vanishing of Mod()V) is equivalent to the existence of a
closed transversal volume element of V [31].

Example 6.1. Let 7 : M — S be a fiber bundle over an orientable base S. Consider the foliation
V = {7 }(z)}zes on M given by the surjective submersion 7, called simple foliation. Then, V is a
transversally orientable foliation with trivial Reeb class. Indeed, given a volume form ¢y on the base
S, we get the transversal volume element ¢ = w*¢y of V. It is clear that ¢ is closed on M and hence
Mod(V) = 0. v

Pick a connection v on (M, V) associated to a normal bundle H of V. For each transversal volume
element ¢ of V, there exists a 1-form A! € T'(H°) uniquely defined by the relation

dg,l ¢ =AM Asg. (6.12)
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From here, taking into account the bidegrees of \! and ¢, we conclude that dg,1 Al = 0 and hence \!
is a 1-cocycle of d&l. Then, under the isomorphism , the Reeb class of the foliation V equals the
dg ,-cohomology class of A/,

Mod(V), = [A]]. (6.13)

Indeed, this is consequence of the following computation for all X € I'(V):
A(X)s =Lx¢=dixs+ixds =iy dg,1 ¢ = A(X)s.

Observe that in the flat case, R? = 0, each leaf-wise volume form 7 € T'(A*PV*) of V induces the
transversal volume element 7., of the integral foliation H of H. Furthermore, 0y := d'ly,O is the
corresponding foliated exterior derivative and, by (6.8)), 67 is a 1-cocycle of 8y. Then, taking into
account , we conclude that the dy-cohomology class of 67 coincides with the Reeb class of H.

To end this section we make the following remarks on the different interpretations of the Reeb
class.

Remark 6.2. The Reeb class is related to some characteristic classes of representations of the Lie
algebroid V' associated to the foliation V [22,[38]. First, note that the Lie derivative along V-tangent
vector fields gives a representation D on the line bundle \**PV°. By and , the Reeb class
is just the characteristic class of this representation, Mod(V) = Char(A*PV®). On the other hand,
the Reeb class can be expressed in terms of the Bott connection VE" on the normal bundle E = T‘y
of V [83]. Under the natural identification V° = E*, the dual of the representation VB on A\YPE
coincides with D. Then, Char(A*PE) = —Mod(V). Finally, we observe that the Reeb class coincides

with the modular class of the Lie algebroid V [23, (36, [38], Mod(V) = Char(A*°PV @ A©PT*M).

6.2 The modular class of a Poisson foliation

In this section, we describe the relationship between the modular class of a leaf-tangent Poisson
structure on a foliated manifold and the Reeb class.

First, let us recall the definitions and some properties of modular vector fields and the modular
class of a Poisson manifold [41),83]. Let (M, II) be an orientable Poisson manifold with Poisson bivector
field IT on M. Denote by IIf : T*M — T M the vector bundle morphism given by (3, IIfa) := TI(a, 3).
Let Poiss(M,II) := {X € T(TM) | LxII = 0} and Ham(M,II) := {TI*d f | f € C>®(M)} be the
Lie algebras of Poisson and Hamiltonian vector fields on (M, II), respectively. Then, the first Poisson
cohomology is Hf (M) = Poiss(M, 1)/ Ham(M, II).

Given a volume form Q of M, one can define a derivation Z{ of C°°(M) by the formula Z{(f) :=
div(I1¢ d f), where div® is the divergence operator. The vector field 75} is a Poisson vector field of
I1, called the modular vector field [41l, [83] of the oriented Poisson manifold (M,II, Q).

In terms of the interior product, the modular vector field can be also defined by —1i 78 Q =dig Q.
Here, i denotes the insertion operator which on decomposable multivector fields is given by ix, r..anx, =
ix,0---oix, VX; € I'(TM). Furthermore, if Q' is another volume form on M, then Zﬂz/ = ZI%Z —
" d1In |f|, where f = ©'/Q. Hence, the Poisson cohomology class of Zi} is independent of the choice
of Q. Therefore, Mod(M,1I) := [Z{}] € HY(M) is an intrinsic Poisson cohomology class called the
modular class [83] of the orientable Poisson manifold (M,II). A Poisson manifold with vanishing
modular class is said to be unimodular. The modular class is an obstruction to the existence of a
volume form which is invariant with respect to all Hamiltonian vector fields.
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As an example, consider the 3-dimensional oriented linear Poisson manifold (R%x ” Z),H, Q), where
Im= %% A (ma% + y%) and (2 is the Euclidean volume form. Then, ZIS% = % cannot be a Hamiltonian

vector field since it is non-zero at 0. Moreover, on the regular domain N,eg := R3 — {z-axis}, % admits
the Hamiltonian —In(z? + 3?). Thus, even though Mod(Nreg, II|n,,,) = 0, the Poisson manifold
(R?x 2) IT) is not unimodular.

Poisson foliations and orientability. A Poisson foliation consists of a triple (M,V, P), where
V is a regular foliation on a manifold M endowed with a leaf-tangent Poisson bivector field P €
['(A?V),V = TV. Tt is clear that the characteristic distribution of P belongs to V., PHT*M) C V,
and hence each leaf L of V inherits from P a unique Poisson structure Pr, such that the inclusion
tr, : L < M is a Poisson map. Therefore, M is foliated by the Poisson manifolds (L, Pr). Denote
by Poissy(M, P) := I'(V') N Poiss(M, P) the Lie algebra of all Poisson vector fields of P tangent to
the foliation V. It is clear that, for every Z € Poissy (M, P), the restriction to a given leaf L of V is
a Poisson vector field of Pr, Z|; € Poiss(L, Pr). Note also that the morphism P : T(V*) — T'(V)
associated to the leaf-tangent Poisson structure P induces a linear mapping in cohomology (P*#)* :

HP (V) — %W C Hh(M) by (PH)*[u] := [P*u]. We call the quotient %W the first
cohomology of the Poisson foliation (M,V, P), which is just the first cohomology of the Lie algebroid
(V*,10 P {,}p). Here, 1 : V < TM is the inclusion map, and {,}p denotes the bracket of foliated
1-forms induced by P [36].

Suppose that V is orientable and fix a leaf-wise volume form 7 € T'(A*PV*). The modular vector
field of the Poisson foliation (M,V, P) with respect to 7 is the leaf-tangent vector field Z, € I'(V)
defined by the equality

izp T =—dyipT. (6.14)

It follows from (6.14) that Z} € Poiss(M,P) and Z]J;T = 7% — P*d f for all nowhere vanishing
f € C(M). Hence, there is a well-defined cohomology class of the Poisson foliation (M, V, P)

Poissy (M, P)

MOd(M7 V7 P) = [ZP] = Ham(M, P)

which can be called the modular class of the Poisson foliation (M, V, P), or shortly, the foliated modular
class.

It is clear that in the case when a Poisson foliation V = {M} consists of a single leaf, the foliated
modular class of (M, V), P) just coincides with the modular class of the Poisson manifold (M, P).

Note that the modular class of a Poisson foliation (M, )V, P) can be viewed as a particular case of
the more general notion of the modular class of the corresponding triangular Lie bi-algebroid (V, P),
P c T(A%V) [36, 38].

The Poisson foliation (M, V, P) is said to be unimodular if Mod(M,V, P) = 0. Since the foliated
differential dy and the leaf-wise volume form 7 restrict to the exterior differential and a volume form
7, = (77 on each leaf L of V, we conclude from that the restriction of the modular vector
field Z7 to the leaf L is the modular vector field with respect to 77, of the Poisson structure Pr,
ZplL = Z;i . Therefore, the unimodularity of the Poisson foliation implies the unimodularity of each
leaf. But the converse is not necessarily true.

Here are some useful properties of the modular vector field of the Poisson foliation (M, )V, P). Note
that, for all X € aut(M, V), we have [X,I'(A*V)] C T'(A®V), where [+, | denotes the Schouten-Nijenhuis
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bracket for multivector fields [21]. By definition (6.14), and from the standard commuting relations
between the operators Lx, dy, and i4, A € T'(A®V), we derive the following properties of the modular
vector field Z3

Lzz f=divT(P*d f), (6.15)
(25, X] = P d(divT (X)), (6.16)
for any f € C°(M) and X € aut(M,V) N Poiss(M, P).

Furthermore, given a connection form v € I'(T*M ® V') on (M,V), the modular vector field of
(M, V, P) relative to 7 € T'(A*PV*) is determined by

—izlg Try :d3,1 ip 7. (6.17)

If, in addition to the orientability of V, the manifold M is orientable (or, equivalently, V is
transversally orientable), then we have a relation between the modular class of the Poisson structure
P on M, the modular class of the Poisson foliation (M, V), P) and the Reeb class of V.

Proposition 6.3. Let (M,V, P) be an orientable and transversally orientable Poisson foliation. Then,
the modular class Mod(M, P) of the Poisson manifold P € T'(A*V) is related to the foliated modular
class Mod(M, V, P) and the Reeb class Mod(V) of V by the formula

Mod(M, P) = Mod(M, V, P) — (P*)* Mod (V). (6.18)

Proof. Let 7 € T(A™PV*) be a leaf-wise volume form and ¢ € T'(A*V°) a transversal volume element
of V, s = codim V. Pick a connection form « on (M, V) associated to a normal bundle H of V. Then,
Q := AT, is a volume form on M. Let Z% and Z%, be the modular vector fields of (M, P) and (M, V, P)
with respect to the volume forms € and 7, respectively. Consider also the 1-form \! € I'(H°) given

by (6.12)). We claim that
7% =75 — PN (6.19)

Indeed, by bigrading arguments and equality (6.17]), we get
—izeQ=dipQ= dg (s AipTy) =dg s AipTy + (=1)%c Adg ip T,
= )\z ANSNipTy — (—l)sg A izlﬂ; Ty = (—l)sg A iiAZ PTy— (—1)S§ A\ iZ}T; Ty
- iP)j)\;Y Q - IZ;) Q
Here we have applied, on the second and fifth steps, the identity
ia(a A B) = (-1 (anisB—1ii, 4 B), (6.20)

valid for all & € I'(T*M), 8 € I'(A*T*M) and A € I'(A*TM). Thus, we have proved (6.19), which
implies ((6.18]). |

The following corollary to Proposition [6.3] gives us a unimodularity criterion for a class of Poisson
foliations coming from fibrations.

Corollary 6.4. Let (M = S,P) be a locally trivial Poisson fiber bundle. Suppose that the total
space M and the base S are orientable. If the typical fiber F is a unimodular Poisson manifold, then
Mod(M, P) = 0.
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Proof. Consider the regular foliation V := {7~ !(z)},es on M associated to the projection 7. As
explained in Example the orientability of the base implies Mod(V) = 0. Then, by , it
suffices to show that Mod(M,V, P) = 0. Fix a nowhere vanishing top section 7 € T'(A"PV*), where
V := ker dr is the vertical bundle, and a family of trivializations M; := 7~1(U;) = U; x F over open sets
U; which cover S. By the unimodularity hypothesis for F', one can equip each trivial Poisson bundle
(m; : M; — U;, P; == P|yy,) with a leaf-wise volume form of positive orientation 7; € I'(A*PV*|,.) such
that the corresponding modular vector field is zero, ZE_ = 0. From here and the partition of unity
argument, we conclude that there exists a global leaf-wise volume form 7o of V such that Lps g 70 =0
for all f e C™(M). |

In the regular case, as a consequence of Proposition we recover the result due to [83, [I] which
says that the modular class of an orientable regular Poisson manifold is determined by the Reeb
class of its symplectic foliation. Indeed, suppose that the Poisson manifold (M, P) is regular with
rank P = 2s. Let V = S be the symplectic foliation of P equipped with the leaf-wise symplectic form
w. Then, the canonical leaf-wise volume form 7 = A®w of the symplectic foliation is such that the
modular vector field of the Poisson foliation (M, S, P) is zero, Z}, = 0. If, in addition, M is orientable,
then the symplectic foliation is transversally orientable. Therefore, in this case, formula reads
Mod(M, P) = —(P%)* Mod(S).

6.3 Modular vector fields of coupling Poisson structures

Let V be a regular foliation of the smooth manifold M. Consider the tangent bundle V' =TV and its
annihilator V° C T*M.

Suppose we are given a V-coupling Poisson structure [T7, 65] II € T'(A2TM), that is, a Poisson
bivector on M such that

H :=II*(V°) (6.21)

is a normal bundle of the foliation,
TM=H®&V. (6.22)

Then, the bigraded decomposition of II with respect to is of the form II = IIy + Ilp 2, where
Iy =M € T(A2H) is a bivector field of constant rank, with rank Iy = rank H, and Iy 2 € T'(A2V)
is a Poisson tensor on M tangent to the foliation V. Therefore, we can associate to the V-coupling
Poisson structure II the Poisson foliation (M, V, P :=Ily2). Notice that the characteristic distribution
of T splits as ITF(T* M) = H @ P*(V*). Hence, rank IT = rank H 4 rank P, so the set of singular points
of IT and P coincide.

Moreover, the restriction HﬁI{|Vo : V° — H is a vector bundle isomorphism and hence one can
define an H-nondegenerated 2-form o € T'(A2V°), called the coupling form, by

o |p = = [ye) ™'t H = V°. (6.23)

Let v be the connection form on (M,)) associated to the normal bundle H in (6.21]). Then, the
geometric data (P,7,0) associated to the coupling Poisson tensor II satisfy the following structure
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equations [77, [65] [7§]

[X,P]=0 VX eT(H)Naut(M,)V), (6.24)
R(X,Y)=—-P!d[o(X,Y)] VX,Y e (H)Naut(M,V), (6.25)
dfyo=0. (6.26)

In particular, the first equation means that v is a Poisson connection on (M,V, P). Moreover, by
the H-nondegeneracy property of the coupling form o, the foliation ¥V admits a canonical transversal
volume element given by [ times the product of o, ¢! := g A---Ac € [(AYPV°) where 2] := rank V° =
rank H.

Now, assume that V is an orientable foliation. Then, one can associate to each leaf-wise volume
form 7 € T(APPV*) of V a volume form Q of M by Q := o' A 7y. Moreover, recall that T gives rise to
the divergence 1-form 67 € I'(V°), defined by (6.6), and the modular vector field Z}, of the Poisson
foliation (M, V), P), introduced in . We describe the modular vector fields of coupling Poisson
structures in terms of these objects.

Proposition 6.5. Let IT be a coupling Poisson structure on the orientable foliated manifold (M,V)
associated to geometric data (P,v,0). Fiz a leaf-wise volume form 7 of V and consider the volume
form Q = o' A Ty of M. If Z := ZIS% is the corresponding modular vector field, then the bigraded
components of Z relative to the splitting are given by

Z19 = —TI*(6)), Zog = Zp. (6.27)

Proof. By the definition of the modular vector field Z and using the bigraded decompositions of d and
II, we have

—izQ=digQ = dlo iHH Q4+ d&l ipQ+ dg,fl iHH Q
= dY,O i, al A Ty + imy, ol A dY,O Ty + dg,l o Aip Ty
+o' Ad]yip Ty — iy, m . (6.28)
It follows from (6.23)) that ir,, 0! = —lo!~!. This together with (6.26)) implies di o iy, ol =0. On

the other hand, there exists a 1-form A € T'(H®) satisfying the relation dg ol = A Aol. Then, from

(6:28), by using (6.17), (6.6) and (6.20), we get
—izg:ezAinHUl/\T»Y—FA/\Ul/\iPT’y—O'l/\iZIgTy—iinHRvQ

= il‘[nH(GZ)Q—i_iPﬁAQ — iZIEQ — iinH rr Q.

It is left to show
i, RY = PFA. (6.29)

Consider the 2[-vector field given by [ times the product of Iy, Hﬂq :=1IIg A--- ANllg. Using again
identities (6.20]), (6.26) and the bigrading argument, we evaluate

(i, o)A =i (AN 0') =iy (do') =iy (Ido Aa'H)

= —inH(dO'/\iHH O‘l) = —(inH O'l)iHHdU.
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From here and taking into account that inH ol # 0, we conclude A = —ify y do. On the other hand,
the curvature identity (6.25]) implies the equality ir,, RY = —Ptip » d o which together with the above
representation for A proves (/6.29)). [ |

As mentioned above, the set of singular points of the coupling Poisson structure II coincides with
the set of singular points of its leaf-tangent part P = Ilp2. From the relations (6.27)), we derive the
following information on the behavior of the modular vector fields of II at the singular points.

Corollary 6.6. A modular vector field of the Poisson manifold (M,II) is tangent to the symplectic
foliation of I at a point x € M if and only if a modular vector field Z}, € T'(V') of the Poisson foliation
(M,V, P) is tangent to the symplectic foliation of P at x. In particular, this is true if x is a regular
point of P.

Remark 6.7. More generally, for a Poisson submanifold N of a Poisson manifold (M,II), one can
introduce the notion of a relative modular class of N [11)]. If this class vanishes, then the modular vector
field of (M,II) is tangent to N. In particular, this criterion can be applied when N is a symplectic
leaf.

Notice that the 1-form A € T'(H®), arising in ([6.29), just coincides with the 1-form \! defined by
(6.12) for ¢ = o, whose d{ ;-cohomology class gives the Reeb class of the foliation V. Moreover, by
the curvature relation ((6.29)) and Proposition we conclude that if v is flat, R? = 0, then

Mod(M, P) = Mod (M, V, P). (6.30)

Now, let us consider the Lie algebra Poissy (M, P) of all V-tangent Poisson vector fields of P.
Then, the projection v : TM — V along H in decomposition (6.22)) induces the linear mapping [71]

Poissy (M, P)

* Hy(M
v HRM) = T Py

C Hb(M) (6.31)
from the first Poisson cohomology of (M, IT) to the first cohomology of the Poisson foliation (M, V), P).
As a consequence of Proposition this map is natural with respect to the modular classes.

Corollary 6.8. The quotient map (6.31)) takes the modular class of the Poisson manifold (M,II) to
the modular class of the Poisson foliation (M,V, P), v*(Mod(M,1I)) = Mod(M, V, P).

6.4 Gauge transformations

As we already mentioned above, according to [83, [I], the unimodularity of an orientable regular Poisson
manifold (M,1I) is equivalent to the triviality of the Reeb class of the characteristic (symplectic)
foliation S of II. In other words, this means that the unimodularity property is independent of the
leaf-wise symplectic structure on S in the following sense: if II is another regular Poisson structure on
M which has the same characteristic foliation S, then the unimodularity of IT implies Mod (M, ﬁ) =0.
But this fact is no longer true in the singular case.

For example, let us consider on R3, with coordinate functions (x1,w2,23), the linear Poisson
structure II = %eijkxia%j A % associated to the Lie algebra so(3). Here €;jk are the Levi-Civita
symbols. We are using the Einstein summation convention. Consider also the homogeneous Poisson
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structure II = fII, where f(x1,x9,23) := 2] + 75 + :L'%. It is clear that the characteristic foliations

of these structures coincide. Computing the corresponding modular vector fields with respect to the
Euclidean volume form € in R3, we get Zl%z =0 and
3y 0O

Z9:2e--k B — i) —
I %) ( [} ¢ J) 8$k

This shows that I is unimodular, while I is not, even though they have the same characteristic
foliation.

On the other hand, there exists an equivalence relation for (possibly singular) Poisson structures,
called the gauge equivalence [79], which preserves the unimodularity property.

Let (M,II) be a Poisson manifold. Suppose we are given a closed 2-form B on M such that the
endomorphism

(Id—B° o IF) : T*M — T*M (6.32)

is invertible. Then, there exists a Poisson bivector field II on M defined by the relation I =1%o
(Id —B° oII*)~! and represents the result of IT under the gauge transformation induced by B [79,9]. In
this case, we say that Il is gauge equivalent to II. The gauge transformation modifies only the leaf-wise
symplectic form of II by means of the pull-back of the closed 2-form B, preserving the characteristic
foliation. Furthermore, gauge transformations preserve the unimodularity property.

Proposition 6.9. IfII and IT are gauge equivalent Poisson structures on M, then
Mod(M,II) =0 <= Mod(M,II) = 0. (6.33)

Proof. The modular class Mod (M, IT) of the orientable Poisson manifold (M, IT) is one-half the modular
class of the cotangent bundle T*M of M with the Lie algebroid structure defined by IT [22]. As is
known [79], the map induced by the gauge transformation is an isomorphism between the
cotangent Lie algebroids associated to II and II. This proves the statement. |

6.5 Unimodularity criteria

Assume that on the orientable foliated manifold (M, V), we are given a V-coupling Poisson structure II
associated to geometric data (P,~y, ). Our point is to formulate some conditions for the unimodularity
of IT in terms of the geometric data.

The following fact is a direct consequence of Corollary

Lemma 6.10. The unimodularity of the coupling Poisson structure 11 implies the unimodularity of
the Poisson foliation (M,V, P).

Therefore, a necessary condition for vanishing of the modular class of II is Mod(M,V, P) = 0.
Moreover, it follows from Proposition that the unimodularity of II implies the unimodularity of
the leaf-tangent Poisson structure P in the case when the Reeb class of the foliation V is trivial.

The next criterion follows from Proposition and the following well-known fact [83]: a Poisson
manifold is unimodular if and only if the modular vector field is zero with respect to a certain volume
form.
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Lemma 6.11. The V-coupling Poisson structure I1 is unimodular if and only if there exists a leaf-wise
volume form 7 € T(AYPV*), V =TV, such that

Zp =0 and df g7 =0.

It follows that the unimodularity of II is independent of the coupling form o. In other words, the
mapping

(P,v,0) = (P,v,0)

is a foliation-preserving transformation which do not alter the unimodularity property, provided that
o satisfies the nondegeneracy condition and the structure equations , . This is also a
“singular” analog of the fact that, for a regular Poisson manifold, the unimodularity is independent
of the leaf-wise symplectic form.

Now let us describe a special class of gauge transformations which preserve the coupling Poisson
structures and naturally appear in the context of the averaging method [68]. Consider the case when
the gauge form B is exact with a primitive u vanishing along the leaves of the foliation V:

B=—-dpu, pel(V°). (6.34)

Then, assuming that the map (6.32)) is invertible, one can show [68] that the Poisson structure Il
resulting of the gauge transformation of II is again V-coupling. Furthermore, if (P,7,5) is the
geometric data associated to II, then P = P and 7 is related to v by

Y(X) —F(X) = P*d[u(X)] VX €aut(M). (6.35)

Fix a nowhere vanishing section 7 € T'(A*PV*) and let us look at the corresponding divergence

forms 0? and 67. By relations (6.7) and (6.35)), for every X € aut(M,V), we have
67(X) — 67(X) = divT (P*d p(X)) = Lizg (1( X)) (6.36)

Here, we used the identity . Formulas , , give the transition rule for the modular
vector fields of IT and II.

Next, if IT is unimodular, then by Lemma [6.11] we can choose a leaf-wise volume form 7 of V such
that Z%, = 0 and 67 = 0. In this case, we have 7 = 67 = 0. Hence by Proposition if the modular
vector field of IT with respect to the volume form Q = ¢! A T, is zero, then the modular vector field of
II with respect to Q=0 A 75 is also zero.

Cohomological obstructions to the unimodularity. By Lemma a necessary condition for
the unimodularity of the V-coupling Poisson structure IT on (M, V) is the unimodularity of the Poisson
foliation (M, V, P). We will show that this condition is not sufficient, since there exists a cohomological
obstruction to the unimodularity of II.

Consider the Poisson foliation (M, V, P, ) equipped with the Poisson connection v corresponding
to the normal bundle H in . Then, one can associate to this setup the following cochain complex
(C*,d"), where the subspaces C? C I'(APV°) are defined by

C? = {B € T(APV°) | ix, ---ix, B € Casim(M, P), ¥V X; € aut(M,V)} (6.37)
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and d’ = dY,o |ce is the restriction of d?,o to C*®. Therefore, CP consists of p-forms on M vanishing
along the leaves of V and taking values in the space of Casimir functions of P on the projectable vector
fields.

There exists the following short exact sequence [71]:

ker p

W) 2t oy
HYL S oglov) 4 —— 2
0= Hp nlM) = G Py

— 0, (6.38)
where p : A7 — H% is a morphism from a Lie subalgebra A7 C Poissy(M, P), associated with the

pair (P,7), to the second cohomology space of (C',Hv).

According to Corollary and ((6.38)), if
Mod(M, V, P) = 0, (6.39)

then there exists a unique cohomology class in Haln, such that its image under —(HﬁH)* is Mod (M, 1I).
This cohomology class can be described as follows.

Theorem 6.12. Let M be an orientable manifold, and )V an orientable foliation on M. Suppose that
the V-coupling Poisson structure I1 on M satisfies (6.39)). Fiz a leaf-wise volume form T € T(AYPV*)
of V such that Z, = 0 and consider the Poisson connection 7y associated to H in . Then, the
corresponding divergence form 07 in (6.6]) is a 1-cocycle of the cochain complex (C',a), 67 € C' and
47607 = 0. Furthermore, the d’-cohomology class of 01 is independent of the choice of T and related
with the modular class of I by Mod(M,1I) = —(H%)*[GZ]

Proof. By (6.24)), every projectable section X € I'(H)Naut(M, V) is a Poisson vector field of P. Then,
by using the condition Z} = 0, properties (6.7) and (6.16), we get

PRA[A) (X)) = P*d[divT(X)] = [Z5, X] = 0.

Therefore, 67 (X) € Casim(M, P) VX € I'(H) Naut(M,V) and hence 67 € C'. Moreover, relations
(6-8), (6.25) and (6.15) imply that 67 is d’-closed. Indeed, for all Xy, Xo € aut(M, V),

(@702)(X1, Xa) = div" (R7(X1, X2)) = — div" (P d[o(X1, X2)])
= _LZIT, [O'(Xl, XQ)] =0.

Note that any two leaf-wise volume forms for which the modular vector fields of the Poisson foliation
(M,V, P) vanish are related by multiplication of a Casimir function. Thus, it follows from the
transition rule that [07] € Héy is independent on the choice of 7. Finally, Mod(M,II) =

—(11%,)*[67] follows from (6.27). [ ]

Corollary 6.13. If the Poisson foliation (M,V, P) associated to the V-coupling Poisson structure 11
s unimodular, then the unimodularity of 11 is equivalent to the triviality of the m—cohomology class of
0Y, that is, Mod(M,1I) = 0 <> [07] = 0.

Example 6.14. Consider the particular case when the leaf-tangent Poisson structure P is trivial,
P = 0. Then, the coupling Poisson structure II is regular since its characteristic distribution coincides
with the normal bundle H. Moreover, (C*,d") identifies with the foliated de Rham complex of the
symplectic foliation S of II. In particular, the cohomology class [07] coincides with the Reeb class
Mod(S). v



6.6. FLAT POISSON FOLIATIONS 135

Note that the coupling Poisson structure II with P = 0 can be characterized as a regular Poisson
structure whose symplectic foliation S admits a transversal foliation V, TM = TS®TYV. So, in this
case, the unimodularity criterion of Corollary recovers the results due to [83] [IJ.

6.6 Flat Poisson foliations

Suppose we start with a Poisson foliation (M,V, P) consisting of a regular foliation ¥V on M and a
leaf-tangent Poisson structure P € T'(A%2V). Suppose we are also given a regular foliation F on M
with properties: the tangent bundle F := T'F is complementary to V =TV, TM =F &V, and every
V-projectable section Z of F is a Poisson vector field on (M, P),

Z €Tp(F) = LzP=0. (6.40)

In other words, there is a flat Poisson connection vy € I'(T*M ® V') on (M, V, P) associated to the
tangent bundle of F, F = ker vy, and hence vy : TM — V is the projection along F.

Let us associate to the flat Poisson foliation (M,V, P, F) the following objects. According to the
dual splitting T*M = V° & F°, we have the bigrading of differential forms on M and the bigraded
decomposition of the exterior differential on M: d = dr + 0y, where Or := d'f?o and 0y = dgf’l are the
coboundary operators on I'(A*T*M) associated to the foliated differentials dx and dy. So, 83_- =0,
812) =0 and 9r0y + Oyor = 0.

Consider the subspaces CP defined in . In particular, C° = Casim(M, P). Furthermore,
because of (6.40)), C* := D,z CP is a Op-invariant subspace of I'(A*T*M) and hence the restriction
OF = OF|ce is a well-defined coboundary operator. This gives rise to a cochain subcomplex (C*®, dF) of
(T'(A®V®), 0F) attributed to the flat Poisson foliation which will be called the foliated de Rham-Casimir
complex [T1]. The corresponding cohomology space will be denoted by Héf.

We have the following useful property [71].

Lemma 6.15. The natural homomorphism from H%F to the first foliated de Rham cohomology HéR(.F)
is injective if and only if

d7(Casim(M, P)) = 0x(C>®(M))nCL. (6.41)

We say that a V-coupling Poisson structure IT on the flat Poisson foliation (M, V, P, F) is compatible

if Tlp» = P and the Poisson connection 7 induced by the normal subbundle H = II*(T*M) satisfies
the condition

Y0(X) — v(X) is tangent to PH(T*M), VX e I'(TM).

This compatibility condition implies that d” = &7 and hence the cochain complex (C‘,H”) associated
to II coincides with the foliated de Rham-Casimir complex. Also, we say that II is strongly compatible
if there exists pu € I'(V°) such that v and g are related by .

First, we formulate a unimodularity criterion for the class of strongly compatible Poisson structures
which involves the injectivity condition ((6.41]).

Theorem 6.16. Let (M,V,P,F) be a flat Poisson foliation and 11 a strongly compatible coupling
Poisson structure. If I1 is unimodular then

Mod(F) =0  and  Mod(M,V,P) = 0. (6.42)
Conversely, under the injectivity condition (6.41)), the unimodularity of (M,11) is equivalent to (6.42]).
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Proof. Since II is compatible, we have d' = 9z, so H817 = Héf' Moreover, if Mod(M,V, P) = 0,
then the cohomology classes [07] € H%W and [07°] € H%F of the divergence 1-forms also coincide.
Indeed, by the strong compatibility, formula holds, so condition Mod(M,V, P) = 0 implies
[67] = [#7°]. On the other hand, as shown in Section the dr-cohomology class of 61° is the
Reeb class Mod(F) € Hlz(F). In other words, the image of [#7°] under the morphism in Lemma
is Mod(F). Finally, recall that by Corollary the unimodularity of (M, II) is equivalent to
Mod(M,V, P) = 0 and [¢#7] = 0. By our above discussion, this implies Mod(F) = 0. Conversely,

under the injectivity condition (6.41]), equation (6.42)) implies [07] = [#7°] = 0. By Corollary the
proof is complete. |

We have also the following unimodularity criterion in the case when the first cohomology of the
foliated de Rham-Casimir complex is trivial.

Theorem 6.17. Let II be a compatible coupling Poisson structure on the flat Poisson foliation
(M,V,P,F). If
Hgf = {0}, (6.43)

then (M,1I) is unimodular if and only if Mod(M,V, P) = 0.
Proof. The compatibility condition implies H&W = H%f. Thus, the short exact sequence ((6.38]) reads

Ty y* ker p
0— H: 2 HL(M) X5 ——— 0.
r (M) Ham (M, P)
Hence, under condition (6.43]), the projection 7* is an isomorphism. Moreover, by Corollary ¥*
maps Mod (M, II) to Mod(M, V, P). [

Now let us discuss some realizations of conditions (6.41)), (6.43). Consider the space Ham(M, P) of
Hamiltonian vector fields of the V-tangent Poisson structure P. Then one can introduce the following
two subspaces of Ham(M, P) depending on the foliation F. Let Hamz(M,P) := {Ptdf | f €
C>®(M),0rf = 0} be the Lie algebra of all Hamiltonian vector fields of F-projectable functions, and
Hamo (M, P) := {Y € Ham(M, P) | [Y,T',x(F)] = 0} the Lie algebra of F-projectable Hamiltonian
vector fields. It follows from I',(F) C Poiss(M, P) that Ham (M, P) C Hamg(M, P). Then, we have
the following fact [71]: injectivity condition holds if and only if Hamz(M, P) = Hamg (M, P).
This condition together with the assumption H}g(F) = {0} on the triviality of the first foliated de
Rham cohomology of (M, F) implies (6.43]).

Moreover, we have the following realization of condition in the case of a flat Poisson fibration.
Suppose we have a transversal bi-fibration N & M 5 S,

TM = kerdv @ ker dr.

Let F = {v1(&)}een and V = {71 (q) }4es be the regular foliations of M defined by the fibers of the
submersions v and 7, respectively. So, F = T'F = kerdv and V = TV = kerdn. Assume also that we
are given a Poisson tensor P € I'(A2V) such that the triple (M = S, P, F) is a flat Poisson fibration,
that is, I'pr(IF) C Poiss(M, P). Then, there exists a unique Poisson structure ¥ on N such that the
projection v : (M, P) — (N, V) is a Poisson map. One can show [71] that condition holds if

Hgg(F) = {0} and Hy(N) = {0}.

Notice that the last condition implies (6.41)).
We conclude this section by constructing a class of unimodular compatible Poisson structures.
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Flat coupling Poisson structures. Let (M,V, P, F) be a flat Poisson foliation. Suppose we are
given a Or-closed, F-nondegenerated 2-form oq € C?, that is, Orog = 0 and U[b)he* :F — V°is an
isomorphism. Then, one can define a coupling P01sson structure associated with the geometric data
(P,70,00):

Mot = g + P, (6.44)

where T € T'(A%F) is a bivector field defined by the condition that the restriction (IIz)f|ye equals
to the inverse of —O'(b)hp. In this case, IIr is a regular Poisson tensor which together with P forms a
Poisson pair. Since the symplectic foliation of I1x is just F, it is clear that Ilg,; is a compatible Poisson
structure and Mod(M,Ilf) = —HﬁF(Mod(}" )). Assuming that V is orientable and equipped with a
nowhere vanishing section 7 € T'(A*PV*), we define a volume form as Qg = o) A 7y, 2 := rankF.
Then, the modular vector ﬁeld of Ilg,; relative to Qo is represented as ZQO ZQO ZQO. Under
the injectivity condition , we conclude from and Theorem “that Hﬂat is unlmodular
if and only if Mod(F) = O and Mod(M, P) = 0. In thls case, according to Proposition . a gauge
transformation , modifies Ilg,t preserving the unimodularity property.

6.7 Coupling neighborhoods of a symplectic leaf

Let (M,II) be a Poisson manifold and ¢ : S < M an embedded symplectic leaf.
By a coupling neighborhood of S, we mean an open neighborhood N of S in M equipped with a
surjective submersion 7 : N — .S such that 7 o+ = Idg,

rank H = dim S, and HnNnV ={0}, (6.45)

where V' = ker dr is the vertical subbundle of 7 and H = II#(V°) is the horizontal subbundle associated
to II. It is clear that conditions in are equivalent to the splitting TN = H @& V. Therefore
the restriction II|y is a V-coupling Poisson structure on N, where the foliation V = V™ := {N, =
W_l(q)}qes is given by the w-fibers. Taking into account that the symplectic leaf S is an orientable
manifold, we conclude that the Reeb class of V™ is trivial (see Example . So, II|y has a bigraded
decomposition into a horizontal part of constant rank and a vertical Poisson tensor P € T'(A%V)
vanishing at the points of S. The Poisson structure P is said to be a transverse Poisson structure of
the leaf. The restriction P, := P|y, of P to the fiber N, over every point ¢ € S just gives the transverse
Poisson structure of ¢ due to Weinstein’s splitting theorem [82]. Moreover, the Poisson connection
v on N is defined by kery = IT*(V°) and the coupling form o € T'(A2V°) has the representation
0 = m*w + &, where w is the symplectic form on S and & is a horizontal 2-form vanishing at S.

For a given embedded symplectic leaf S, there exists always such a coupling neighborhood N
[77]. In particular, one can choose N as a tubular neighborhood of S diffeomorphic to the normal
bundle £ = TgM /TS of the symplectic leaf. If the normal bundle F is orientable, then N admits a
volume form. Of course, this is true in the case when M is orientable. Hence, under the orientability
hypothesis, the point is to study the germs at S of the modular vector fields of IT and the corresponding
germified modular class.

First we formulate the following result.

Proposition 6.18. If the Poisson structure Il is unimodular in a neighborhood of the embedded
symplectic leaf S, then there exists a coupling neighborhood N of S such that the transverse Poisson
structure P of S is also unimodular.
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Proof. The statement follows from Lemma [6.10, Proposition and the fact that in a tubular
neighborhood of S, the Reeb class of the fibration is trivial. |

We say that the germ of the transverse Poisson structure at a point ¢ € S is unimodular if there
exists a submanifold N, of M meeting the symplectic leaf S at ¢ transversally, and such that

Mod(N,, P,) = 0.

Theorem 6.19. Let S be an embedded symplectic leaf of an orientable Poisson manifold (M,1I)
and q € S a fized point. Assume that the germ at ¢ € S of the transverse Poisson structure Py is
unimodular. Then, one can choose a coupling neighborhood (N N S) of S with properties: there exists
a leaf-wise volume form 1 € T'(AYPV*) of the vertical subbundle V™ such that the modular vector field
of the Poisson foliation (N, V™, P) vanishes. Furthermore, the modular vector field of Il|n with respect
to the volume form Q = o' A 7, is tangent to the symplectic foliation and the corresponding modular
class is given by

Mod (N, T| ) = —(IT5;)*[67].
Here, the divergence form 0F induced by the pair (1,7) is a 1-cocycle of the cochain complex (C*,d").

Proof. Choose a coupling neighborhood N such that the Poisson fiber bundle (N 5 S, P) is
locally trivial with typical fiber (Ny, P;). Then, by the proof of Corollary we conclude that
Mod(N, V™, P) = 0. From Theorem [6.12]} we derive the desired result. [ |

Flat coupling neighborhoods. We say that a coupling neighborhood N 5 S over the leaf S is flat
if there exists a regular foliation F on N such that (i) the tangent bundle F := T'F is complementary
to the vertical subbundle V' of 7; (ii) each m-projectable section of F is an infinitesimal automorphism
of the transverse Poisson structure P € I'(A%2V); (iii) the foliation is compatible with the Poisson
connection v on N associated to the horizontal subbundle H in the following sense:

X — y(X) is tangent to P*(T*M) VX e I'n(F).

Theorem 6.20. Let S be an embedded symplectic leaf of an orientable Poisson manifold (M, 1) which
admits a flat coupling neighborhood (N = S, F). Let P be the transverse Poisson structure on N of
the leaf. If H%F = {0}, then the following assertions are equivalent:

(a) the restriction of 11 to N is unimodular;
(b) the Poisson manifold (N, P) is unimodular;

(c) the Poisson fibration (N = S, P) is unimodular,

Mod(N, V™, P) = 0. (6.46)

Proof. By Theorem the assertions of items (a) and (c) are equivalent. The equivalence of (b)
and (c) follows from Proposition and the orientability of the symplectic leaf S. |
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Suppose we are given a flat Poisson fiber bundle (7w : M — S, P, F) over a symplectic base (S,w).
Assume that S is an embedded submanifold of M, the inclusion map ¢ : S < M is a section of 7
TsF = TS and the vertical Poisson structure P € T'(A?V) vanishes at the points of S. Let 7y be
the flat Poisson connection on the Poisson fiber bundle (7 : M — S, P) associated to the foliation
F. Denote by hor™ the corresponding ~yo-horizontal lift and by ¢ € T'(A2T'S) the nondegenerated
Poisson tensor of the symplectic manifold S. Then, putting o9 = 7*w, we get that formula ((6.44]
gives the following flat coupling Poisson tensor on M: I, = hor™ () + P. It is clear that (S,w) is a
symplectic leaf of Ilg,;. Moreover, for a given horizontal 1-form p € T'(V°) on M vanishing along S,
t*p = 0, there exists a neighborhood N of S in M, such that the gauge transformation -
associated to u is well-defined. Therefore, N is a flat coupling neighborhood of S for the deformed
Poisson structure Hﬂat We get from Theorem [6.16 that the injectivity condition (6.41]) together with
Mod(F) = 0 and 6) provides the ummodularlty of Tlgas.

6.8 The generalized Reeb class of a symplectic leaf

Let (M,II) be a Poisson manifold and S < M an embedded symplectic leaf. Fix two exponential
maps f,f : £ — M from the normal bundle £ of S to a tubular neighborhood N of S. Consider the
coupling Poisson structures f*II and f*II and their associated geometric data (P,v,c) and (P,7,0).
Recall from Theorem that the following relations hold for some g € Aut(E) and @ € I'(V°):

gP=P v g7 =PHdQ), g5 =0—(d],Q+3{QAQ}p).
Proposition 6.21. Let (Ny,d) and (J\Nfo,é) be the respective de Rham - Casimir complexes. Then,
1. The pullback g* : (J%,é) — (J\fo,é) s a cochain complex isomorphism.

2. If the transverse Poisson structure of S is unimodular, then
(¢%)«Reeb(S) = Reeb(S).
Proof. Since g € Aut(FE), g* maps horizontal forms to horizontal forms. Moreover, g*f’ = P implies

g*No = Np. On the other hand, since the connections v and ¢g*¥ differ by Hamiltonian vector fields,
it follows that their covariant derivatives coincide on Ny. By g € Aut(F), we have

g* Oa:g* od’lyao |N0 = d?y(;y g*ﬁo Og* = diyvo |N0 Og* = aog*‘

This proves the first part. For the second one, observe that if 7 is a fiber-wise volume form preserved

under the Hamiltonian vector fields of 15, then 7 := ¢*T is preserved under the Hamiltonian vector
fields of P. Furthermore, the corresponding divergence 1-forms satisfy

GO AT = g0l ngF = g (1A F) = g (A7) = &l g'F = dg OV e = df = ) A

Here, in the penultimate step, we have applied the fact that 7 is invariant under Ham(E, P). Therefore,
g*H; = @#]. Taking into account the first part of this theorem, we get

(97)-Reeb(S) = (°).[02] = [9"07] = [67] = Reeb(S).
|

Due to this result, there is a well-defined notion of the generalized Reeb class of a symplectic leaf.
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Appendix A

Some algebraic properties of coupling structures

Here, we give a proof of Lemma [2.3

Lemma A.1. For the Lagrangian subspace D C W, the following assertions are equivalent:
(a) D is V-coupling.
(b) HpV =W.
(c) Ve A=W

In this case, Ann(H) = A.

Proof. Suppose that D is a V-coupling Lagrangian subspace of W. If w € H NV, then there exists
a € V° such that w ® o € DNV = {0}. Therefore, w =0, so HNV = {0}. Moreover, if w € W is
arbitrary, then there exists n € D, v € V, and o € V° such that w & 0 =1+ v ® a. This implies that
(w—v)®a=n€ D, with a € V°, sow—wv & H. This shows that w € V + H, which proves (a = b).
Conversely, suppose that H @V =W. If n € DNV, then n = v @ « for some v € V and o € V°.
Then, v € HNV = {0}, so n = 0@ a. Now, take X € H and 8 € V° such that X @ 5 € D. By the
isotropy of D,

0=(X®8,08a) =aX).

Since X € H is arbitrary, we get « € H°NV° = {0}. This proves that n = 0. Therefore, DNV = {0},
proving that D is V-coupling. This completes the proof of (a < b). The equivalence (a < ¢) is
analogous: just change the role between vectors and covectors. Finally, to see that Ann(H) = A when
D is V-coupling, just note that A C Ann(H) and, from (b) and (c), that

dim A = codim V° = dim V = codim H = dim Ann(H ).

Lemma A.2. Let (P,v,0) be geometric data on (W,V). Then,

Dpo = {(Pu+ X) @ (u—ix o) | X € H,p € A"} = Graph(P*|1) & Graph(—o”|1»)
1s a mazimally isotropic subspace of W which is V -coupling.
Proof. Denote D = Dp,, . First we observe that

dim D = dim Graph(P*?|4+) + dim Graph(—o°|z+) = dim A + dim HY = W,

143
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due to the fact that AY = Ann(H7). Now, pick n1,m2 € D. Then, there exist u; € AY and X; € HY
such that n; = (Ptu; + X;) @ (u — ix,0), i =1,2. Hence,

(m,m) = —ix, 0(Xa) + 1 (Puo) —ix, o(X1) + pa(Pu) = 0.

Here, we have taken into account that Plu; € V, ix,o0 € V°, and the skew-symmetry of P and o.
This shows that D is maximally isotropic. To see that D is V-coupling, take n € D N'V. Then,
n=(Pu+X)®(u—ixo) for some p € AY, X € H',and n € V@ V°. Since Pip+ X € V, it follows
that X € H'NV = ker(y)Nim(v); and since p—ix o € V°, we get that u € V°NAY = ker(~v*)Nim(y*).
Since 72 = v, we conclude that ker(y) Nim(y) = 0, and ker(y*) Nim(y*). Hence, u = 0, X = 0, and
n = 0. This proves that DNV =0, so D is V-coupling. |

Lemma A.3. Let D be a V-coupling Lagrangian subspace of W. Then, for each X € H(D, V) there
exists a unique o € V° such that X ® o € D. Furthermore, there exists a unique op € N*V° such
that X @ (—ix op) € D for all X € H(D,V). Similarly, there exists a unique Pp € N2V such that
P]%,u,@,u €D for all pe A(D,V).

Proof. Let X € H(D,V) and «,a’ € V° such that X ® a, X & o’ € D. Then, 0 (o« — o) € DNV.
Since D is V-coupling, it follows that « — o/ = 0. Now, let T': H(D,V) — V° be the map defined
by the relation X & T'(X) € D. Let us show that T is linear. If X & T(X),Y @ T(Y) € D, then
(X+7rY)® (T(X)+rT(Y)) € D for each scalar r, so T(X +rY) = T(X)+rT(Y). Moreover, observe
that T(X)(Y) = =T(Y)(X). Indeed,

T(X)Y)+TY)X)=(XaT(X),Y aT(Y)) =0,

due to the isotropy of D. Therefore, there exists a unique op € A2V° such that O'bD’ a(p,v) =T, that
is, X ® (—ixop) € D for all X € H(D,V). The construction of Pp € A?V is totally analogous. M

We have shown in Lemma that, given geometric data (P,~, o), there sum of the restricted
graphs is a coupling Lagrangian subbundle Dp,, , on (W, V). Conversely, in Lemma it was shown
that the triple (Pp,vp,op) is a geometric data on (W, V'), where yp : W — W is the projection over
V along the splitting H(D,V) @V = W. It is left to be shown that both constructions define the
one-to-one correspondence of Proposition

Proposition A.4. The correspondence between coupling Lagrangian subspaces and geometric data
giwen by Lemmas[A.3 and[A.3 is one-to-one.

Proof. Let D be a V-coupling Lagrangian subspace of W, and consider the geometric data (Pp,vp,op)
defined as in Lemma Now, consider the V-coupling Lagrangian subspace Dp, ., o, given as in
Lemma We have to show that Dp, ., »p, = D. By definition, Pp € A?V is such that Plﬁ),u@,u €D
for all p € A(D,V). Therefore, Graph(PLﬁ)|A(D,V)) C D. Similarly, Graph(JbD|H(D7V)) C D. Since
Dpp, 4pop is the sum of both graphs, we conclude that Dp, 1, -, € D. Finally, since Dp, », 0p
and D are maximally isotropic subspaces, we get Dp, 1, o, = D. Conversely, let (P,~,0) be a triple
of geometric data, and let Dp, , be given as in Lemma Now, consider the triple of geometric
data (P,#,5) defined by Dp., as in Lemma We must show that (P,%,5) = (P,v,0). First
note that, since Dp, , is the sum of the graphs of o € A?V° and P € A?V restricted to HY and A7,
respectively, we have that H(Dp, ,,V) = H7, so ¥ = 7. Since & € A2V ° is defined in such a way that
X®(—ix o) € Dp, o forall X € H(Dp, V), we conclude that —ix 6 = —iy o for all X € H. By

Lemma (b), we get & = 0. The proof of P = P is analogous. [ |
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Courant algebroids from 3-forms

B.1 Some useful formulas

Here we state and proof some useful computational facts which are needed in several parts of the text.

Lemma B.1. Let (E,q,[-,"|g) be a Lie algebroid and I1 € T'(A2E). Then, for all a, 3,0 € T(E*), we
have

[H, H] (()41,(12,0(3 = -2 Z Oél,aH ag,ag)) —ag[ﬂﬁal,HﬁQQ]E.
(1,2,3)

Proof. By definition of the Schouten bracket,
[IL ] p(a1, a2, a3) = _i[H,H]E(al ANag Aas) =—=2ig9i(a; Aag A as) +igin(ar A ag A as).

By straightforward computation, we get

i ain(al N oo N\ 043) = Z H(aﬂ(al, ag), ag) — H(al, 042) irr O3,
(1,2,3)

and

i a(Oq N g N Ck3 =-2 Z Ckl, OéQ IH 8a3) + 2H(a1,aﬂ(ag, Ck3)) — ag[Hﬁal, Hﬁag]E.
(1,2,3)

Therefore,

[IL ) g (o, g, ag) = —2 Z (a1, 0l (cg, a03)) — az[[TFayy, TP 5.
(1,2,3)

Lemma B.2. Let (E,q,[,-]g) be a Lie algebroid, P € T(A?E) a bivector, and ¢ € T(A*E*) a
3-cocycle, O = 0. Define

{a, BYpy =L, B—iptpOa —ipsgipia ¥, Vo, € T'(E").
If X eT(E), p,v € T'(E*) are such that n(X) = v(X) =0, then
ix{u, vipy + Prix ¢(u,v) = [X, Plp(u,v).
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Proof. By straightforward computations,

(X, Ple(p,v) = LS P(p,v) = Lx(P(u,v)) = P(Lx p,v) — P(u, Lx v)
= Lx(P(u,v)) + Lx p(P*v) — Ly v(P*p)
= Lx(P(n,v)) + Lx (u(P*v)) = u[X, P'v] — Lix (v(P*p)) + v[X, Pip).

Also, since u(X) = v(X) =0,
ix{p v}py + PHix ¢(u,v) = (L, v — ipr, O — ips, ips, ¥)(X) + ix (Phu, Pv)
Z 12, u(X) — ips, Bu(X)
= L%, (v(X)) = v[PPp, X|p — LYy, (1(X)) + LS ((P*v)) + n[PPv, X]p

In the case when 1 = 0, we get the following immediate consequence of Lemma
Lemma B.3. Let (E,q,[,"]g) be a Lie algebroid, P € T(AE) a bivector, and
{o, B}p = pua B —ipigOa, Vo, € T(E™).
If X eT(E), p,v € T(E*) are such that u(X) = v(X) =0, then
ix{w,vip = [X, Plp(p,v).

Lemma B.4. Let (E,q,[-,-|g) be a Lie algebroid, a € T'(E) and 11 € T'(A2E). Then, for all o, 3 €
I'(E*) and a € T'(E), we have

Lo, 8)) = [a, M p (v, B) + T(LE @, B) + M, L B),  and  [a, P a]p = IF L o+ iafa, M.
Proof. By definition of the Schouten bracket,

[a, M g(a, B) = —ijgmy (@A B) = —[LS, in]s(a A B)
=Lo((a, B)) +in(LSa A B+ a ALSB)

= LS(H(OZ, B)) - H(Liaa B) - H(av LS B)a
which proves the first formula. For the second one, just rewrite:
iOé[a7 H]E(B) = [av H}E(OQ B) = Lg(H(OJ, /8)) - H(L2 «, B) - H(av Lg 5)

= L2 iHﬁa B - Hﬁ L2 OZ(B) - iHﬁa Lg ﬁ
= iy 110], B — IF LS a(B).
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B.2 The Courant algebroid of a Lie algebroid with background

Here we recall some basic facts of Courant algebroids which we use throughout the text.
Given a Lie algebroid (FE,p,[,]) the vector bundle E := E & E* can be endowed with many
structures of Courant algebroid. Consider the bilinear symmetric form on E given by

(a®a,b® B) := p(a) + a(b) (B.1)

and the projection p : E — T'M given by p := popg, where pg : E® E* — FE is the projection on the
first factor. Finally, for each 3-cocycle 1 € T'(A3E*) of the exterior derivative , define

[a®a,b® By := [a,b] & (LE a — 1,98 — iy i, ). (B.2)
It is a straightforward computation to verify that E acquires a structure of Courant algebroid.

Proposition B.5. Let (E,p,[,]) be a Lie algebroid and p € T(A3E*) be a 3-cocycle of exterior
derivative . Then, Ey := E®FE* has a natural structure of Courant algebroid, where (,), p : E — TM,
and [,] :=1[, ]y are defined as in above.

Proof. Suppose that n,7",m1,12 € T'(Ey) are of formn =a®a, n =d' &/, m =a1® o, p2 = a2 @y
and f € C*(M). Let us show that each of the properties (CA1)-(CA3|) hold.

(CA1l) By the definition of the bracket [, ], we get

[7, I me]l] = [0 ® @, [, a2] @ (L, a2 — ia, Q1% — i, i, ¥)]
= [a, [a1, a2]] & (LY (LY ca — lay Ot — lay iay ¥) = 10y ,09) O — iay a5 1a ¥)-

Also, we have

(7, m].me] =

[la,a1] ® (LY a1 — o, O — ia, 1q 1), a2 & aa] =
[a,a1],a2] (L[Ea,al] a2 — gy O(LE a — gy O — ig; i V) — iay i[g,a1) %) =

lla, a1, as) © (Lf, ) @2 — iay OLEY a1 + 10, Olay O + ay Qe 1o ¥ — lay ijaay] ¥),

a,a1

and
[n1, [ m2]] = [ar © o, [a, ag] @ (LY ag — ia, O — g, ia )]
= a1, [a, as]] ® (LaE1 (LaE oy — ia2 O — gy 10 1) — i[g,05) O1 — i[q,a] ia1 )
= a1, [a, as]] ® (LaE1 LaE oy — a1 0, O — i[g 4, Q1 — L(;El lay ia ¥ — i[a,05) oy ).

Clearly, the Jacobi identity for the Lie bracket of I'(E) implies that the FE-components

of [[n,ml,m2] + [m,[n mel] and [n, [n1,n2]] coincide. For E*-component of [[n,m],ne] +
[m1, [n,m2]], the part not involving % is

(Lf ) @2 = ia, OLY a1 +iay O, O) + (LY LY g — LY, ia, Ot — i[g,0 Q1) =
(L[a a1] —i—Lfl Lf)ag — (igy aLf + i[a,0] Q) + (igy Olay — LE ig, )00 =

LELE Yoo — (L 10y @)t + (igy Olay + iy 10, @ — LE 14,)0a =

L;E(LOLE1 ag — ig, Oa) + (ig, LE LE ig, )0 =

LE(LE as — 14, dar) — 1[a1,a0] O
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(CA2)

(CA3)

B. COURANT ALGEBROIDS FROM 3-FORMS

which coincides with the E*-component of [, [11, 72]] not involving the 3-cocycle ¥. To complete
the proof, we need to verify

gy Qlay la ¥ = lay a,ar) ¥ — Ly lay la ¥ = ifaa) fay ¥ = = L lay lay ¥ — ifay 0] fa ¥
which is equivalent to
0y Olay ia ¥ — lag ifa,ay) ¥ — lay LE, i ¥ + gy LE¥ i, ¥ = 0.
Adding the first to the third term and the second term to the fourth, we get
— gy igy Ola ¥ + iay iay LY ¥ = 0.
Finally, the above sum is just i,, i4, i 9%, which is zero because of dy = 0.

By definition of the bracket [, ],

(Insml,m2) = ([a,a1] © (LY a1 — i, dp @ — gy 10 ), a2 © aa)
= as([a, a1]) + (LY a1 — ia, dp o — 1o, 10 0) (a2)
= 042([(1, (Il]) + LaE a1 (ag) — ia2 ial dE o — iaz ial ig ¢

= as([a, a1]) — a1 ([a, az]) + LY (1 (a2)) — ey la; dE @ = iay 1oy ia 9.

Because of the symmetry of (,), an analogous computation leads to

(n1, [n,m2l) = ([ mel, m) = ea(la, az]) — e2(la, a1]) + LY (a2(a1)) — ia, iay dp @ — ia, iay ia 9.

Adding up both equations and cancelling out by the skew-symmetry of dg a and i, ¢, we get
(InsmDm2) + (1, [nsmel) = LE (ar(a2)) + LE (aa(ar)) = LE (1, m2) = Ly (m, m2).-
Note that
[n2,n2] = [az, as] ® (Lf; g — gy, O — gy igy ) = 0B g, g = 0D %a<n2,n2).

Then,
(1, [m2,m2]) = (a1 ® 1,0 ® 53(n2,m2) = 50(n2, m2)(a1) = 3 Lg(ay) (M2, m2) = 3 L) (M2, m2)-



Appendix C
Bigraded models on algebraic Lie algebroids

Following [40], let Z be a ring, ¥ a commutative #Z-algebra, and Endg4 % the €-module of Z-linear
endomorphisms of €. We say that X € Endy € is a derivation if the Leibniz rule

X(f-9)=X(f)g+f X(9)

is satisfied for all f,g € €. It is clear that the set Dery @ of #-linear derivations is a Lie subalgebra
of (Endg €, [, ]), where the bracket denotes the commutator [X,Y]:= X oY —Y o X.

Recall that a Lie algebroid over % is a triple (&7, q, [, o) consisting of a faithful ¥-module <7,
together with a Lie bracket [-,-],, on &7, and a ¥-module morphism q : &/ — Endg %, compatible
with the Lie bracket by

la, fbler = fla, bl + ala)(f)0,

for all f € €, a,b € of. The ¥-module & is called the total space, and the ¥-module morphism
q: o — Endyp % is called the anchor. The previous formula is called the Leibniz rule. By the
faithfulness of & and the Leibniz rule, straightforward computations show that ¢ is a representation
of @/ on € by derivations, that is, q(a) € Dery €, and qla,b] = [q(a),q(b)] for all a,b € 7.

Example C.1. A well-known example of a Lie algebroid over a commutative %Z-algebra % is the Lie
algebroid of derivations, (o/ := Dergp €,1d .y, [, ]), where the anchor is precisely the identity map, and
[-,-] denotes the commutator of derivations. v

Let us consider the dual of &/ as a ¥-module, &/* := Homg (o7, %). We now assume that the
following condition holds,

() ker(a) = {0}, (C.1)

aEd*

which is equivalent to say that every element a € &7 is uniquely determined by the values a(a) € €,
where « runs over all .&7*. In other words, the canonical map </ 3 a — i, € Homg (o/*, %), given on
each o € &* by iy« := af(a), is injective.

For each k € Z, let C* be the €-module of €-multilinear skew-symmetric maps

a9 XX —=E.
—_—

k times

In particular, C' = &* is the dual @-module of &, C° = %, and C* = {0} for k < 0. Then,
C® := @, C" is a graded commutative and associative ¢-algebra with the exterior product A defined
as usual.

149
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The Lie algebroid structure of &/ naturally induces a derivation on C, which is a coboundary
operator on C of degree 1, O € Der% C. Indeed, for each o € C*, dar € C**1 is given by the Koszul’s
formula

Aa(ay, ... ,axt1) == Z sgn(o) q(ae, )((agys - -, a5y )) (C.2)
0ES(1,k+1)
- Z Sgn(a)a([a01 ) a02]£77 Aoz - - vaUkH)a
JGS(Z,k)
where ay,...,ar+1 € &/. Here, S(; ;) denotes the set of all shuffle permutations o € Sj1;, with

o1 < - <0y, and 0541 < -+ < 045. A similar notation applies for S(; ;). Then, the Lie algebroid
cohomology of &7 is defined by H*(</) := H*(C,9).
To see that 8 = 0, fix & € C¥ and ay, ... a2 € /. Then, a straightforward computation leads

8204(611, Qo) = Z sgn(o) q(ae, ) (q(ae,)(alag,, - .. 7ao'k+2)))
oES(1,1,k)

- Z segn(o) q(ae, ) (a([asy, Aoylers Qo - - - a0k+2))
0ES(1,2,k-1)

- Z Sgn(U) q[aalaaaz]%(o‘(a%v e 7a0k+2))
065(27;@)

+ Z sgn(0) q(ae, ) (a([agy, Goy]ars oy - - "a0k+2>)
0ES(1,2,k-1)

+ Z sgn(o)a([[ao s Goy)ers Qos|ers Qoys -+ 5 Qo)
0E€S(2,1,k-1)

+ Z Sgn(a)a([a017a02]pfa [a0'37a0'4],§?77a0'5 . '7a0'k+2)'
0E€S(2,2,k-2)

Clearly, the second and fourth sums cancel out with each other. Moreover, the last sum is identically
zero, due to the skew-symmetry of .. Since q is a representation, the first and third sums also cancel
out with each other. Finally, the fifth sum is zero due to the Jacobi identity of [-,-].. A similar
computation shows that 0 € Derclg C. Furthermore, condition implies that the coboundary
operator O is determined by a unique Lie algebroid structure on /. Indeed, the anchor map q and
the Lie bracket can be expressed in terms of d in for k =0 and k = 1, respectively.

Now, recall that for each a € &, the insertion i, : C — C, given by

igalay,...,aq—1) = ala,al,...,a-1), aell, a €,

is a graded derivation of degree —1, i, € Der(;1 C. More generally, if K : & X --- X & — o is a
k-linear (over &) skew-symmetric map, then ix € Derf}_l C, where

igala, ... ag 1) = Z sgn(o)a(K (agys- 500y ), oy gy -+ o5 Qogyy_y )5 aell, aed.
UeS(k,l*l)

Hence, L9, := [ix,d)] is a graded derivation of degree k, LS, € Derk C. In particular, if K = Id,, is the
identity map on 7, then ijq , o = ka for all a € C*, and hence, Lladd = 0.
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Bigrading on %-modules. Let & be a module over the commutative Z-algebra %. An
endomorphism p € Endy &7 is said to be a connection on < if it is a projection map, p> = p. Let us
define the p-horizontal and p-vertical submodules of o7 by HP := ker(p) and VP := im(p). We will drop
the superscript p when the choice of the connection is clear. Observe that &/ = H @& V. Furthermore,
the transpose (dual) map p* € Endy &/* is a projection on o/* such that ker(p*) = Ann(V) and
im(p*) = Ann(H). In particular, &* = Ann(V) @ Ann(H).

Remark C.2. Note that the role of the horizontal and vertical submodules HP and VP is symmetric.
In fact, if p is a connection, then Id, — p is another connection such that H4« =P = PP gnd Y4 =P =
HP.

Let us extend the bigrading of C' = .&7* to the whole algebra C. We define
CP1:={a e C’ | alay,...,ak_s,b1,...,bs) =0 Vs#gq, a; € H,b; € V}

as the submodule of %-linear skew-symmetric maps of bidegree (p,q). It is straightforward to check
that CP4 A CP4 C P9t for all p,p/,q,q¢ € Z. On the other hand, since p : C — C is €-linear,
it induces the derivation i, € Der%C of degree 0 in C. The elements of CP? turn out to be the
g-eigenvectors of i, on CPT4, i, o = ga if o € CP (equivalently, ijq,, -, @ = par). The converse is also
true if ¥ is free as Z-module.

Clearly, C*/ = {0} whenever i < 0 or j < 0, and C?? N C”7 = {0} whenever p # p or q # (.
Furthermore,

Lemma C.3. For each k € Z, one has

= @ e

p+g=k

Proof. For the purposes of this proof, let us denote p, := Id, —p, and p; := p. Now, for each
k,p,q € Z, denote by Ay, := {0, 1}* the set sequences of length k consisting of 0’s and 1’s, and by Ap g
the subset of A, , which take the value 0 exactly p times, and hence, the value 1 exactly ¢ times. Now,

fix o € C*. Since Po+p; =1Idy, and Up+q:k Ap g = Ay, it is easy to see that, for any aq,...,ar € &,

alay,...,a) = Z Z a(ps, @1, - -, Ps, k) (C.3)

p+q=k s€Apq

Moreover, it is straightforward to verify that, for each p,q € Z with p + ¢ = k, the map o,  :
d XX — €, given on ay,...,ar € A by

apqlal,... a;) = Z a(ps, a1, .., Dg, k),
s€Ap 4

is #-multilinear, skew-symmetric, and has bidegree (p,q), o4 € CP4. By (C.3)), one has a =
> prg—k Opgs as desired. ]

Finally, consider the %-submodule Der;’fc C Dergsc consisting of the Z-linear derivations D
of bidegree (r,s), that is, such that D(CP?) C CPT™4ts for all p,q € Z. It is straightforward to
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check that [i,, D] = sD and, equivalently, [iiq,, —p, D] = rD, for all D € Der};’C. Here, [D,D'] :=
DoD — (—1)‘D IP'ID’ o D denotes the graded commutator of endomorphisms. Finally, we denote by
—k
Dery,C := @ Dery;’ C
r+s=k

—k
the set of graded derivations which admit a bigraded decomposition. For each D € Dery,C, the
corresponding element in Der;’ C will be denoted by Df.

Bigrading on Lie algebroids. Now, assume that & is the total space of a Lie algebroid
(#,q, [ ]r) over the commutative Z-algebra and free Z-module . Let us fix a connection p on
/, p? = p. Because of the Leibniz rule on the Lie algebroid, and the skew-symmetry of [-,-] ./, the
maps RP,SP:C x C — & given by

RP(a,b) = p[(Idy —p)a, (Ide — p)ble, SP(a,b) = (Idyy —p)[pa,pbls

are ¢-bilinear and skew-symmetric. It is clear that H := ker(p) and V := im(p) are Lie Z-subalgebras
of o/ if and only if RP = 0 and SP = 0, respectively. [35]. Thus, RP and SP are said to be the curvature
and co-curvature of p, respectively.

Proposition C.4. Consider the cochain complex (C,0) associated with (7,q,[-,|o). For any
connection p on <, one has

o= ar11,2 + ag,l + aﬁ),o + 612),71'
Furthermore,

. ) . . d . . .
O, =—ise, Op; =Ly+2ise —ire, Ng=Lfy, _,+2ire —ise, and ) | = —ige.

Proof. To prove the first part, we have to check that 9;; = 0 whenever i < —1 or j < —1. Fix
acCPlay,...,app; € H and aptitis ..., appqr1 € V. By definition,

aivja(a’lv ) ap+q+l) = Z sgn(a) q(atn)(a(aazz cee yaak))
UES(l7k+1)
- Z sgn(0)a([aoy, Goylars Gogs -+ 5 o)
O'GS(Q’]Q
If i < 0 (resp. j < 0), then on every term in the first sum « has less (resp. more) than p arguments
belonging to H. So, it follows that the first sum is zero whenever i or j is negative. A similar argument

shows that the second sum is zero whenever ¢ < —1 or j < —1. This proves the first part. Now, let us
show, for i =2, j = —1, that 93 1 = —ige. To do so, it suffices to prove that

a(lao,, Goy]ery Agss - - -y A0y, ) = a(P[(Idy — D)oy, (Idey — P)aoy) e, Goss - - -5 Coy )

holds for each shuffle permutation o. In the case when oo < p + 2, such identity follows from
Qg , 00, € H and a € CPY. If 09 > p + 2, then both sides are identically zero. The proof of
68172 = —igp is analogous. Finally, taking into account the properties of [ip, -], we get

LS = [ip»a] = [ipaagm] + [ip’ag,l} + [ipva]io] + ﬁpaag,—J
=20%,,+09p; — 05 | = —2ise +O); +ire.

o)

This proves 8 ; = L3 +2ige —igp. The proof of 8f g =L§;

+2igp —igp is analogous. |
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Remark C.5. If < is a finitely generated and projective € -module, then CF = Afgor*. In this case,
DerzC = Derg C. Furthermore, D = D_12 + Do+ D1 + Do _1 for any D € Dertl%w C. Indeed, the
fact that D; ; = 0 whenever i < —2 or j < —2, follows from the well-known property that the only
derivation of AFa7* vanishing on C® = € and C' = &/* is the zero derivation. Moreover, Do _1 and
D_12 are also of the form ix and if, for some K € C*°® o/ and L € C%? ® o/. Similar formulas can
be derived for Dy and Dy .

The following fact can be found in [26, Section 5] for the case of connections of zero co-curvature
on the tangent Lie algebroid of a manifold.

Corollary C.6. Let p be a connection on the Lie algebroid (<7, q, [, -]or). If the vertical submodule V
is involutive, then the bigraded components of the exterior differential satisfy

Py,=0, Hy=Lg  _,+2ire, B =L3—ire, h_j=—ir, (F)?=L%.

In particular, if H is also an involutive submodule, then 657_1 =0, and 811)70 is a coboundary.

Proof. Recall that V is involutive if and only if SP = 0. By Proposition we get 35172 = 0. So, it

remains to prove that ()% = L3,. Since O = O+, +5_; and (07)? =0, it follows that
(all),o)2 = _(ag,lag,fl + ag,lag,fl) = _[68,1765,71] =—[o, aI2),71] = [0, 1re] = L?—zp :

Thus, if H is involutive, then RP = 0, which implies that 6‘2),_1 =0, and (611)70)2 =0. [ |

Corollary C.7. Let p be a connection on the Lie algebroid (<f,q,[-,|os) such that the vertical
submodule satisfy the following properties:

1. The isotropy algebra contains V: V C ker(q).

2. The vertical submodule is an ideal: [V, /|, C V.

3. The vertical submodule is an Abelian Lie subalgebra of <7 : [V, V] = {0}.
Then, 85172 =0, and 6871 =0.

Proof. Since [V, V] = {0}, it is clear that V is involutive, so 85172 = 0. It is left to show that 631 =0.
Fix a € CP4, ay,...,a, € H, and apy1,...,0prq+1 € V. By definition,

ag,la<a17 s 7ap+q+1) = Z sgn(a) Q(aﬁl)(a(afmv e ’aUp+q+1))
oES(1,k+1)

- Z Sgn(o-)a([an?aO'Q}Wu a0'37 st 7a0'p+q+1>-
UES(Q’]C)

If o € S(1 41y is such that o1 > p+ 1, then a,, € V C ker(q), so q(as,) = 0. If, on the contrary,
0 € S(1 k1) satisfies o1 < p, then a,, € H, so the sequence (agy, . - - 180, qrq) cOsists of p—1 elements
of H and g + 1 elements of V. Since o € CP?, we get a(ag,, ... ,00,,,.,) = 0. In any case, every term
of the first sum is zero. For the second sum, we consider the following cases:

e If 01 > p+1, then ay,,as, € V, and hence [a,,, a5,] 7 = 0.
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e If oy <pand oy > p+1, then ay,, € H, and a,, € V. Since V is an ideal, one has [ay,, a0,| s € V.
Thus, ([agy,Aoy) e, Aogy - -5 oy ry) cOnsists of p— 1 elements in H and ¢ + 1 elements in V.

e If 09 < p, then a,y,a,, € H, and hence the sequence ([ag,, G0y, o, - - -5 o,y yyq) has as least
q + 1 elements in V.

Since o € CP4, in any case we get a([ao,, Goy]ors Goss - -+ Aoy giy) = 0. [

Corollary C.8. Let p be a connection on the Lie algebroid (/,q,[-,]o) such that the vertical
submodule V is involutive, and the horizontal submodule satisfy the following properties:

1. The isotropy algebra contains H: H C ker(q).

2. The horizontal submodule is an ideal: [H, )y C H.

3. The horizontal submodule is an Abelian Lie subalgebra of <7 : [H,H] = {0}.
Then, = O ;-

Proof. By interchanging the role of H and V, we conclude from Corollary that 65771 = 0 and
6‘1’70 = 0. Furthermore, the involutivity of ¥V implies that 6‘1172 =0. [ ]
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